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SOME REMARKS ON THE HISTORICAL DEVELOP- 
MENT AND THE FUTURE PROSPECTS OF 
THE DIFFERENTIAL GEOMETRY 
OF PLANE CURVES.* 


BY PROFESSOR E. J. WILCZYNSKI. 


PROBABLY the most fundamental characteristic of the 
human mind is its hatred for contradictions. All of our 
thinking is fundamentally influenced by this dislike; and the 
réle of the mathematician, in his relation to reality, may be 
described in a fairly adequate manner by saying that it is his 
business to remove all contradictions from our discussions 
and, by gradually extending the scope of these discussions, to 
show that the world as a whole is thinkable. 

To justify the validity, in the purely mathematical sense, 
of any construction of the intellect, absence of contradictions 
is necessary and sufficient. But the mere absence of con- 
tradictions from a realm of thought does not necessarily give 
it that essential artistic and harmonious one-ness which leads 
us to think of it as a unit. A peculiarity of the human mind, 
almost as important as its hatred for contradictions, is its 
dislike for sudden and frequent changes in the point of view. 
Thus, quite apart from the obvious practical difficulties of 
studying plants and stars and souls at the same time, the mind 
for the sake of its own peace and convenience, following its 
desire to move along a straight line, has divided knowledge 
into compartments, and refuses to think of more than one of 
these compartments at the same time. This procedure does 
not disturb in the least the profound conviction, present I 
believe in all thinkers, that at some future time from some 
other higher point of view the separateness of these compart- 
ments will be abolished. Indeed, we cannot help but think 
that a thoroughgoing unification of each separate realm 
is the best possible preparation for an ultimate and complete 
generalization which shall include the whole. 

It is my purpose to-day to try and show you how one funda- 


* Address of the retiring chairman of the Chicago Section of the American 
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mental idea has dominated and still dominates in the realm 
of differential geometry. I shall confine my discussion to the 
differential geometry of plane curves primarily on account of 
the comparative ease with which we can visualize configura- 
tions in the plane. But it is a notable fact that even in this 
limited domain so many problems have remained untouched, 
problems which it is easy to formulate and not difficult to 
solve. Some of the notions which I shall discuss, although 
conceived in admirable fashion nearly a century ago, have 
remained practically unnoticed. You would look for them in 
vain in any of our modern treatises, although these contain 
many other things of far greater difficulty and of much less 
interest. In fact, so completely have these ideas been neg- 
lected, that most mathematicians are probably under the 
impression that the differential geometry of plane curves is a 
very much restricted and uninteresting field not at all adapted 
for further research. Nevertheless it is true that scarcely one 
of the notions which will arise in our discussion to-day has 
been studied as fully as it deserves, while most of them have 
not as yet received any consideration whatever. 

The notion of a general plane curve is at bottom identical 
with the general notion of function. It is obviously impossible 
to prove, by documentary evidence, that the ancient geometers 
did not possess the idea of a general curve. But we may assert, 
I think, that the available evidence indicates that the an- 
cients knew how to deal only with very special curves such as 
straight lines, circles, conics, and a few other curves, including 
certain spirals. The relation between the notions “ function ” 
and “ curve ” only became evident in the seventeenth century 
of our era, when Descartes and Fermat had laid the founda- 
tions of analytic geometry, and it was the recognition of this 
relation which brought the notion of a general curve into the 
consciousness of mathematicians everywhere. But analytic 
geometry did more than merely formulate the notion of 
a general curve; it also provided a method for its investiga- 
tion. If the first fruit of this union between analysis and 
geometry seemed to be of profit primarily for geometry by 
providing it with a new and limitless field for research, it soon 
became apparent that the union was to be profitable for 
analysis also. For the geometric problems which arose in this 
connection, such as the construction of a tangent to a curve 
with a given equation, the determination of the length of a 
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given arc of the curve, the calculation of areas bounded wholly 
or partly by curved lines, led inevitably toward the invention 
of the calculus. In fact, the method employed by Fermat, for 
instance, for determining the tangent of a curve really involved 
the essential processes of the differential calculus. This 
method is very simple and consists in formulating the definition 
of a tangent as follows. Take a point P on the curve, the 
point whose tangent we wish to draw. Join P to a second 
point Q which is also on the curve, and let us seek the limiting 
position which the line joining P to Q approaches, when Q, 
moving always along the curve, approaches P asalimit. This 
limiting position of the secant PQ is called the tangent. 

Of course it was evident that the tangent would pass through 
P; the only problem was that of finding the direction of the 
tangent. The calculus, as developed by Newton and Leibniz, 
made it an easy matter to translate Fermat’s definition of a 
tangent into the language of analysis and then actually to 
determine, by calculation, the direction of the tangent for a 
very extensive class of curves. Thus the problem of tangents 
could be regarded as solved. The normal could then be 
defined as a line perpendicular to the tangent at the point of 
contact, and its determination offered no further difficulty. 
It is worthy of remark, however, that one of the methods pro- 
posed by Descartes determines the normal first and the tangent 
afterward. We shall amplify this remark, a little later. 

The analytic formulation of the notion of radius of curvature 
soon followed. Let us take three points P, Q, and R on a 
curve and let us pass a circle through these points. As Q 
and R move along the curve, approaching P as a limit, this 
circle will in general approach a limiting position which is 
called the circle of curvature. Its radius is called the radius 
of curvature, and its center the center of curvature. The 
familiar formula for the radius of curvature was published, 
apparently for the first time, in Newton’s “‘ Methodus Fluxi- 
onum ” of 1736, although the notion itself was much older 
and was applied with great success by Huygens as we shall see 
immediately. 

If the curve under consideration is itself a circle, the circle of 
curvature of every one of its points is of course that same 
circle. But if the original curve is not a circle, each of its 
points will have in general a different circle of curvature and 
the problem arises to find the locus of the centers of all of these 
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circles. This locus, called the evolute of the given curve, was 
first considered by Huygens, without of course making use of 
the notations of the calculus, in his “Horologium Oscillatorium” 
published in 1673. Huygens saw that the normals of the 
original curve would be the tangents of the evolute, and that 
the original curve could be regarded as the locus of the end- 
point of a string which was being gradually unwound from 
the evolute. This showed him that the difference between 
the lengths of two radii of curvature of the original curve was 
equal to the length of the corresponding are of the evolute. 
Since the length of the string could be changed, it became ap- 
parent that, while every curve has only one evolute, it is 
itself the evolute of infinitely many other curves which are 
called its involutes. These involutes moreover are clearly 
the orthogonal trajectories of the tangents of the given curve. 

For Huygens these notions were of great importance as 
applied to the special case of the cycloid, a curve first considered 
by Galileo. For he had recognized the isochronous property 
of the cycloid and had therefore shown that the cycloid was 
the most desirable curve for the oscillations of a pendulum. 
The problem now arose to devise a method which would com- 
pel the oscillations of a pendulum to take place along a cycloid. 
Huygens observed in this connection that a weight attached 
to a string would describe an arc of a cycloid if the string 
were attached in such a way as to cause it to wind and unwind 
along checks which had been given the form of an evolute of 
a cycloid. In fact it was this problem which led Huygens to 
his general theory of evolutes. He now found the remarkable 
theorem that the evolute of a cycloid is an equal cycloid, a 
theorem which must have appeared to him as a beautiful 
manifestation of the divine harmony of geometry. 

The tangent may be regarded as a first approximation to the 
given curve in the neighborhood of one of its points. In 
modern terminology we may say that the tangent serves as a 
geometric image for the first derivative f’(x) of the function 
f(x), whose graph is the curve under consideration. The 
circle of curvature may be regarded as a second approximation 
to the curve or as a geometric image of the second derivative 
of f(x). For a long time no attempt was made to find a geo- 
metric image for the third derivative. In 1841, however, 
Abel Transon published his beautiful “ Recherches sur la 
courbure des lignes et des surfaces,” in which he takes not only 
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this step but also the next, by devising appropriate geometric 
images both for the third and fourth order derivatives. 
Transon first introduces the new notion which he calls 
“ déviation ”’ and which has been translated by the term 
“aberrancy ” in the very few places where any notice has 
been taken of Transon’s work. This notion is as follows. Let 
P be a point on a curve and let a chord be drawn parallel to 
the tangent at P and very close to this tangent. Let Q and 
R be the points (in the neighborhood of P) in which this chord 
intersects the curve, and let L be the middle point of QR. 
As QR approaches the tangent at P as a limit, the line PL 
will in general approach a limiting position called the axis 
of aberrancy. Let 6 be the angle which the axis of aberrancy 
makes with the normal. The tangent of this angle is given 


by the formula 
dy (dy/dz)| dy 

(1) tan de” 
and Transor calls tan 6 the aberrancy of the curve at the point 
P. It would obviously be equal to zero at any point of a circle. 

From familiar properties of conic sections it follows at once 
that the axis of aberrancy at any point of a conic is the line 
which joins this point to the center of the conic. Let us ob- 
serve further that the expression (1) for the aberrancy con- 
tains only the first, second, and third derivatives of y = f(z), 
so that the aberrancy is indeed adapted for the purpose of 
visualizing the third derivative. 

The equation of a conic contains five essential constants, and 
a conic is therefore determined by five of its points. The 
condition that one curve shall have third order contact with 
another, may be expressed by: saying that four of the points 
of intersection of the two curves coincide. Consequently there 
exists a one-parameter family (a pencil) of conics each of which 
has third order contact with the given curve at the given 
point P. All of these conics pass through P; they all have the 
same tangent, the same circle of curvature, and the same 
axis of aberrancy at P. Among these conics there will be 
one and only one parabola; let us call it the osculating parabola. 
Since, as we have just seen, the axis of aberrancy of the point P 
of our given curve is also the axis of aberrancy for each of the 
conics which has third order contact with our curve at P, 
and since the axis of aberrancy for a point of a conic passes 
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through the center of the conic, and since finally the center of 
a parabola is at infinity, we see that the axis of the osculating 
parabola is parallel to the axis of aberrancy. 

To locate the axis of the osculating parabola completely 
we have, in addition to the remark just made, the following 
simple construction also due to Transon. Let D be the or- 
thogonal projection of the center of curvature C upon the 
axis of aberrancy, and let E be the orthogonal projection of 
D upon the normal. Then the axis of the osculating parabola 
will pass through E. Since it must also be parallel to the axis 
of aberrancy we may now regard the axis of the osculating 
parabola as known. 

The focus of this parabola must clearly be on a line through 
the point P which makes with the normal at P an angle equal 
to that made with this same normal by the axis of aberrancy. 
Thus the focus will be the intersection of this line with the 
axis. The directrix will of course be perpendicular to the 
axis. It will also pass through a point on the normal on the 
convex side of the curve whose distance from P is equal to 
half the radius of curvature. This last result is obtained by 
Transon as a corollary from a more general theorem. He 
considers the one-parameter family of parabolas, each of which 
has second order contact with the given curve at P. The 
directrices of all of these parabolas pass through the point 
just described, and the locus of their foci is a circle whose di- 
ameter is that half of the radius of curvature which terminates 

Among the conics which have third order contact with the 
given curve at P, there will be one for which the order of con- 
tact rises to the fourth order at least. This is the osculating 
conic of the point P and may be regarded as having five 
consecutive points in common with the curve. In common 
with all of the conics having third order contact with the 
given curve at P, it has its center on the axis of aberrancy, 
and the position of the center on the axis of aberrancy may 
therefore be regarded as a geometric equivalent for the value 
which the fourth derivative of y = f(x) assumes at the 
point P. The properties which I have mentioned suffice to 
determine the osculating conic, but Transon develops some 
further theorems which facilitate its construction very con- 
siderably. I shall quote some of these on account of their 
great geometric interest. 
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These theorems are again concerned with the pencil of 
conics which have third order contact with the given curve 
at P. Transon finds that the axes of these conics envelop a 
parabola, whose directrix is the axis of aberrancy, and whose 
focus is the orthogonal projection of the center of curvature 
upon the line which joins P to the focus of the osculating 
parabola. This latter line is very easy to construct since, as 
we have seen, the normal bisects the angle between this line 
and the axis of aberrancy. The auxiliary parabola of Transon, 
I should like to add, also touches the lines which are tangent and 
normal to our original curve at P. As a consequence of this 
theorem of Transon’s the directions of the principal axes of 
the osculating conic are obtained by drawing the two tangents 
from the center of the osculating conic to the auxiliary parab- 
ola. 

The following property, not mentioned by Transon, is also 
of interest. Among the conics which have third order or four- 
pointic contact with the given curve at P, there will be infinitely 
many hyperbolas and ellipses, but in general no circle. This 
indicates the existence, in this family of conics, of a unique 
ellipse of minimum eccentricity. As the center of such a 
four-pointic conic moves along the axis of aberrancy on the 
concave side of the curve, starting from P, the eccentricity e 
of the corresponding ellipse will decrease continuously from 
unity toward the minimum value ¢, and will then increase, 
approaching the limit 1 as the center recedes beyond bound. 
Thus every value of e, between the minimum value ¢; and unity, 
will be attained twice. It is not difficult to show that the 
center O of the ellipse of minimum eccentricity and the 
centers, 0; and O2, of any two of these ellipses which have the 
same eccentricity are so related that PO is the geometric mean 
of OP; and OP>,. In general this four-pointic ellipse of mini- 
mum eccentricity is quite distinct from the osculating conic. 
It will coincide with the osculating conic however if and only 
if the original curve is a logarithmic spiral. Moreover, the 
eccentricity of the four-pointic ellipse of minimum eccentricity 
will in general change as P moves along the given curve. It 
will be constant if and only if the given curve is a logarithmic 
spiral. 

We have seen how many interesting questions present 
themselves when we attempt to explore the relations between 
these various configurations all of which are determined by 
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the properties of a given curve in a single one of its points. 
But each of these configurations gives rise to new problems 
if we think of the point P as moving along the given curve. 
Thus, in the simplest case, already mentioned, the locus of the 
centers of curvature defines a new curve, which is at the same 
time the envelope of the normals which is called the evolute. 
In similar fashion we may investigate the envelope of the axes 
of aberrancy of a given curve. This envelope is at the same 
time the locus of the centers of its osculating conics. We 
may also study the envelopes of the axes and directrices of the 
osculating parabolas, the loci of their foci and vertices, and 
it is easy to formulate corresponding problems for the oscu- 
lating conic and for the four-pointic ellipse of minimum ec- 
centricity. Only a mere beginning of such a theory is avail- 
able at present and most of this is due to Cesdro who made 
use of some of these notions in his “ Lezioni di Geometria 
intrinseca,” with the main emphasis however not upon the 
general theory but upon the application to certain well-known 
simple curves. 

But I wish to call your attention primarily to a general 
method which enables us to push still farther the investigation 
of the properties of a curve in the vicinity of one of its points. 
The details which I have presented will serve to make clear 
the following general notions. Let us consider an equation 
of the form 


(2) ¢(2, Y; G1, do, Gp) = 0 


which involves the coordinates (2, y) of a point and n essential 
constants a, d2,---,@,. For every set of values a, a2, ---,@n 
this equation represents a curve. All of the curves repre- 
sented by such an equation are said to form an n-parameter 
family. The condition that a curve of this family should 
pass through a given point gives rise to one relation between 
the parameters a;, ---,@,. Thus, in general, one curve of the 
family, or a finite number of such curves, is determined by 
the condition that the curve shall pass through n given points. 
If the parameters enter the equation (2) linearly, as is most 
frequently the case, there will be just one such curve passing 
through n given points, if we leave aside certain exceptional 
cases. 

If then we take n points on any given curve, there will 
exist in general a unique curve of the n-parameter family (2) 
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which passes through them, and this curve will ordinarily 
approach a definite curve of the n-parameter family as a limit, 
if the m given points approach coincidence. The resulting 
limit curve will be said to osculate the given curve at the given 
point, in as much as it will have closer contact (n-pointic or 
(n — 1)th order contact) with the given curve at the given 
point than any other curve of the class defined by (2). To 
illustrate this notion we observe that the straight lines of the 
plane form a two-parameter family and that the tangent is 
the osculating straight line; that the circles form a three- 
parameter family and that the circle of curvature is the os- 
culating circle. Moreover we have already made use of this 
terminology in our discussion of the osculating parabola and 
the osculating conic. 

But our previous discussion shows quite clearly that, besides 
the osculating curves of a given class, those curves of the class 
are also of very great interest for which the order of contact 
falls short of the maximum by a single unit. Let us speak 
of such curves as penosculants. Evidently, from what has 
been said, the locus of the centers of the penosculating circles 
of a given point of a curve is the corresponding normal. In 
fact it was by means of this remark, to which we have already 
alluded very briefly, that Descartes defined the normal and 
thus indirectly solved the problem of tangents. Again we 
have seen that the locus of the foci of the penosculating parab- 
olas is a circle whose diameter is equal to half the radius of 
curvature, and that the locus of the centers of the penosculating 
conics is the axis of aberrancy. Several others of the theorems 
which we have mentioned may be expressed more compactly 
by the help of this new terminology. 

After this preliminary discussion, let us inquire what classes 
of osculants and penosculants ought to be introduced for the 
purpose of providing geometric interpretations for the de- 
rivatives of order higher than the fourth. For we may regard 
the theory outlined so far as exhaustive for the first four orders. 

The general curve of the third order contains nine essential 
constants. Therefore the osculating cubic has nine consecu- 
tive points in common with the given curve at P. The penos- 
culating cubics have eight consecutive points in common with 
the given curve at P and form a pencil. One of the cubics of 
this pencil is of special interest because it has a double point 
at P. Of course one of its double point tangents touches the 
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given curve at P; the other one crosses the curve at a non- 
vanishing angle. That branch of the penosculating nodal 
cubic which actually touches the given curve has seven- 
pointic or sixth order contact with it, and we may therefore 
use this cubic as a geometric image for the sixth derivative. 
The osculating cubic may of course be regarded as a repre- 
sentative of the eighth derivative. 

The osculating cubic and the penosculating cubics were 
introduced by Halphen in his thesis on differential invariants 
in 1876. Halphen’s interest was centered primarily upon the 
following feature of this situation. All of the penosculating 
cubics have, besides the eight points of intersection which are 
concentrated at P, a ninth point of intersection which I have 
called the Halphen point. Now it may happen that this ninth 
point also coincides with P, in which case P is called a coin- 
cidence point. This will happen if a certain projective dif- 
ferential invariant (in my notation the invariant 0.) vanishes, 
and Halphen made use of these geometric notions for the 
purpose of calculating this invariant. He also showed that a 
curve may be composed entirely of coincidence points and that 
all such curves may be obtained from a certain logarithmic 
spiral by projective transformation. 

We have now obtained representative osculants for contact 
of the first four orders and for orders six and eight. It remains 
to fill the gap for orders five and seven. In order to do this, 
we may consider special kinds of cubics distinguished by 
fundamental metric properties, just as the gap between the 
osculating straight line and the osculating conic was filled 
by means of osculating curves of order two distinguished by 
metric properties, namely by the osculating circle and parabola. 

A parabola is a conic which touches the line at infinity. 
We may define a parabolic cubic to be a cubic which touches 
the line at infinity. Such a cubic contains eight arbitrary 
constants indicating the existence of osculating parabolic 
cubics to represent the seventh derivative. These cubics 
are not however necessarily the best adapted for this purpose. 
There are other cubics which accomplish as much and which 
are more easily accessible, as for instance that particular one 
of the penosculating cubics whose asymptote is parallel to the 
normal. 

A circle may be defined as a conic which contains the so- 
called circular points at infinity. I shall not attempt to explain 
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this notion which is familiar to all mathematicians. A cubic 
which contains the circular points is called a circular cubic. 
The general equation of such a cubic contains seven arbitrary 
constants, indicating the existence of an osculating circular 
cubic which has seven-pointic or sixth order contact with the 
given curve, and which will probably for most purposes be a 
better representative ot the sixth derivative than the one 
mentioned before. 

The penosculating circular cubics of the point P all have six 
consecutive points in common with the given curve at P. 
Besides they intersect each other in the two circular points at 
infinity. The determination of their ninth point of inter- 
section and the condition for its coincidence with P offer 
problems which are strictly analogous to the corresponding 
problems involving the Halphen point. Among the penoscu- 
lating circular cubics there is one which has a double point 
at P. There is also one whose real asymptote is parallel to 
the normal. This latter curve may serve as an image for the 
derivative of the fifth order. But of course there are other 
cubics, both circular and non-circular, which may serve as 
well. 

We may continue in this way to build up a theory of oscu- 
lating algebraic curves of gradually increasing order, the 
osculants of each order being classified further according to 
the number of times that they pass through the circular 
points and the number of their asymptotes which are parallel 
to the normal. However I shall refrain from any further 
detailed exposition in this direction, only stopping to say that 
the analytic difficulties involved in actually determining the 
equations of these osculants up to and including the osculating 
cubic are far from insuperable. In fact, I actually have most 
of these equations at my disposal and they are much simpler 
than one might expect. 

The penosculating nodal cubic is of fundamental importance 
in projective geometry. The following remarks may serve to 
make this clear. By introducing a suitably chosen system of 
homogeneous coordinates and denoting the properly chosen 
ratios of these homogeneous coordinates by X and Y, the 
equation of any curve, if it is neither a straight line nor a 
conic, may be expanded in the form 


= 4X24 X84 A,X74+ 
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in the vicinity of any one of its ordinary points. In this 
expansion A; and all of the remaining coefficients will be ab- 
solute projective invariants. The simplicity of this expan- 
sion, and the uniqueness of its form, make it evident that the 
system of coordinates, to which this expansion corresponds, 
must be of peculiar importance. But this system of coor- 
dinates is determined entirely by the properties of the penos- 
culating nodal cubic. The triangle of reference has for two 
of its sides the double point tangents of this cubic and for its 
third side the line upon which lie its three points of inflection. 
Incidentally we may remark here that the relation of the 
simple quintic curve 


= 4x74 x5 


to the given curve is worthy of notice. 

The fundamental importance of the penosculating nodal 
cubic also appears when we attempt to interpret the simplest 
of all projective integral invariants. This integral corresponds 
so nearly to the notion of length of arc, which is the invariant 
integral of lowest order in the metric theory, as to justify the 
prediction that it will be found to be of the greatest importance 
in future developments of the projective theory. Thus, for 
instance, this integral enables us to formulate at once a notion 
which generalizes, in the sense of projective geometry, Cesaro’s 
intrinsic equation of a curve. 

We have discussed osculating and penosculating curves of 
many different kinds, all of which however were algebraic. 
Transon also mentions the availability of the notion of an 
osculating logarithmic spiral, and in his projective theory 
Halphen makes use of the notion of an osculating anharmonic 
curve. The logarithmic spiral and the general anharmonic 
curve are transcendental curves to be sure, but they belong to 
a particularly simple type of transcendental curves. In fact, 
most of these curves are so closely related to algebraic curves 
that Leibniz thought it inadvisable to speak of them as 
transcendental, and invented a special name for them, call- 
ing them interscendental curves. So far as I am aware, no 
other curves, except those mentioned, have ever been used as 
osculants in the theory of plane curves. 

Each of the osculants and penosculants which we have in- 
troduced has a function to perform which may be illuminated 
by an aphorism; the osculant is the microscope of the geometer. 
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Thus, to the naked eye the courses of two curves, which at a 
common point have the same tangent and the same radius of 
curvature, are in the vicinity of that point so nearly identical 
as to make them appear indistinguishable. The introduction 
of the notions of axis of aberrancy and osculating parabola 
serves to magnify the differences between the two curves in 
such a way as to enable us to distinguish between them. 
Again, if the two-curves also have their osculating parabolas 
in common, we may judge of their divergence by means of their 
osculating conics. Thus the notion of osculant serves the dif- 
ferential geometer for the same purpose as does the micro- 
scope in the laboratory of the biologist. It magnifies the in- 
finitesimal differences between two different curves sufficiently 
to cause them to make an emphatic impression upon the mind. 

Thus the notions, osculant and penosculant, are the funda- 
mental concepts of differential geometry. The systematic 
investigation of the magnitudes, loci and envelopes deter- 
mined by the various classes of osculants and penosculants 
and the relations which exist between them makes up the 
whole subject matter of differential geometry. Differential 
properties of a general curve are merely integral properties of 
its osculants and penosculants. 


Tue University or CuIcaco, 
December, 1915. 


A CERTAIN SYSTEM OF LINEAR PARTIAL DIF- 
FERENTIAL EQUATIONS. 


BY DR. H. BATEMAN. 
(Read before the American Mathematical Society, February 26, 1916.) 


1. IT is known that if a function V (a, y1, 21, t1; 22, Ye, 22, te; 
*+*3 2ny Yny Zn) tn) satisfies the system of 3n(n + 1) partial 
differential equations* 

eV 


it becomes a solution of the reduced system ot 3(n — 1)n 


* See for instance H. Bateman, Messenger of Mathematics, March, 
1914, p. 164. 
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equations* when the point Yn, coincides with 
(2n—1, Yn—1» Zn—1, tn_1). Such a function V will be called a 
multiple wave functiont of rank n and will be denoted by V™ 
when we wish to indicate its rank. 

It is easy to prove that such functions exist, for if we write 


ap = — type — + ty) 


(2) 
Bp = (tp + type” — U(Zp + tp) 


the function 


(3) V Ola, ***, An; A, Bo, Bn; w)des 


satisfies the system of equations (1) and possesses the property 
just mentioned, f being an arbitrary function with finite second 
derivatives. Let us now consider two vector functions H?4 
and E?-* whose components are defined by equations of type 


It is easy to verify that when V is defined by an equation of 
type (3) the three partial differential equations of type 


(5) HYt= 


are satisfied, the upper or lower sign being taken according 
as the upper or lower sign is taken in (2). 

A multiple wave function V which satisfies the three partial 
differential equations of type (5) will be called right-handed 
or left-handed with respect to p and q according as the upper 
or lower sign is taken. If, however, both H?* and E?¢ 
are zero it will be called neutral with respect to p and gq. When 
a multiple wave function is either right-handed or neutral 
with respect to each pair of numbers p, q it will be called a 
right-handed function and will be denoted by the symbol V,. 
A left-handed function is defined in a similar way and will be 
denoted by the symbol V_. The function given by (3) is 
either right-handed or left-handed according as the upper or 


(4) 


*There are of course exceptions to this rule as for instance when 
V = + (Yn + (Zn = Zn—1)* (tn 


{ If we regard the ¢’s as time variables the units must be chosen so that 
the velocity of propagation of the waves is represented by unity. 
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lower sign is taken in (2); it is neutral with respect to p and g 
when f satisfies the partial differential equation 


A multiple wave function may of course be neutral with 
respect to one pair of numbers 7, g and either right-handed or 
left-handed with respect to another pair; it is only completely 
neutral when all the vectors H?* and E* are null. The 
function V represented by (3) is thus completely neutral when 
all the partial differential equations of type (6) are satisfied. 
A completely neutral function may be denoted by the symbol 
Vo. In general, of course, a multiple wave function does not 
possess the properties of left-handedness, right-handedness and 
neutrality, because it is of the form V = V+ V_. It may 
happen that V_ is neutral with respect to p and gq, while V 
is not; in this case the function V is right-handed with respect 
to p and qg; moreover V; may be neutral with respect to r 
and s while V_ is not and then V is left-handed with respect 
to rand s. Thus a multiple wave function may be partially 
right-handed, partially left-handed, and partially neutral. 

2. When the point (tn, Yn, Zn, tn) coincides with (z,-1, 
Yn—-1; Zn—1, tn_1) we Shall suppose that the function V™ reduces 
to a function which we shall denote by the symbol V“%—». 
We may thus form a series of multiple wave functions 


(7) Vi, V2, Vas 


(6) 


possessing the property that, when the n points (xp, yp, Zp, tp) 
coincide in succession, V, reduces to Vn_1, Vn_1 to Vn_s, and 
so on, the last function V; being a simple wave function. 
Instead of considering the process of reduction it is more 
interesting to consider the process of the development of a 
multiple wave function V, from a simple wave function V4. 
There is perhaps a slight analogy between this and the process 
of development of an organism from a single cell by repeated 
division. This analogy at once suggests the interesting prob- 
lem to find a function V; and a method of development such 
that a certain characteristic property is preserved in the 
transition from V,; to Vz. This problem will be put on 
one side for the present and we shall use our analogy simply to 
form a convenient nomenclature. 
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We shall regard V as the characteristic function of an 
‘organism’ and the point 2p, yp, Zp, tp as associated with a 
‘cell’ (p) belonging to the organism. We see from (4) that 
a vector field (H?-%, E?*) is associated with each pair of 
cells of the organism, and it is easy to verify that Maxwell’s 
equations 


OYs 02s 
OE 4% OE OE 
OE 

OYs ot, ’ 


(s = 1, 2, m) 


are satisfied for each set of variables 2,5, ys, 2s, ts provided V 
can be represented as the sum of two integrals of type (3), 
one of which is right-handed and the other left-handed. 

If now we take the real parts of the vectors H?:*, E?* we 
see that an electromagnetic field can be associated with a pair 
of cells (p) (q) except when the characteristic function V is 
neutral with respect to these two cells. 

3. Let us now write t+ Tp = 2p — bp, 
Tp = 2p>+t, and expand the integral (3) by Taylor’s theorem 
and Fourier’s theorem; we then obtain a formal expansion of 
type 


Ma! po! pn! v1! ve! va! 
(9) +++ OTn™ 


F(o1, 02, On; Tiy °° Tns 


The expansion for V_ is of a similar type except that the 
positions of the variables o and 7 are interchanged and the 
function F is generally different. 
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If we assume that a right-handed multiple wave function 
can be expanded by Taylor’s theorem in a series of ascending 
powers of £1, £2, ---, £n3 m1, M2, +, Mn, then when we substitute 
this series in the partial differential equations (1) and (5) and 
equate the coefficients of the different powers of the £’s and 7’s 
to zero we find that the series must necessarily have the form 
(9). If we limit the function V, to be a polynomial in the 
£’s and 7’s, so as to avoid questions of convergence, we see from 
the form of the series that it can be expressed in the form (3). 
Similarly it can be shown that a left-handed multiple wave 
function which is a polynomial in the £’s and 7’s can be ex- 
pressed in the form (3) provided we take the lower signs in (2). 

It follows from a theorem given in a former paper* that if 
the quantities ---, Un; 01, V2, Un are defined by the 
equations 


Tp = Up + £,0(u1, U2, ***, Un; U1, V2, °° 


(10) 
+2, (p = 1, 2, ---, n) 


then the function 
O(u, U2, ***, Un; V1, V2, Dn) 
0(o1, T1y T2, Ta) 
U2, +++, Un; M1, D2, Un) 


(11) V= 


is a right-handed multiple wave function, 6 and f being arbi- 
trary functions of the 2m parameters 1, ---, Un} V1, V2, 
+++, 0. If we expand this function in powers of the é’s and 
n’s using the generalized Darboux theorem} we obtain a series 
of type (9) in which 


(12) F= forrtes* 


To obtain the corresponding left-handed multiple wave 
function we must interchange the places of o and r. 

4. Let us now consider the multiple wave functions which 
are homogeneous polynomials of degrees m1, m2, ---, m, with 
respect to the cells (1), (2), ---, (m) respectively. Since a 


* Loc. cit. 
t G. Darboux, Comptes Rendus, vol. 68, p. 324. Hermite, Cours d’An- 
alyse. 4th edition, p. 182. See also T. J. Stieltjes, Ann. d. l’Ecole Nor- 
male (3), vol. 2 (1885), p. 93. H. Poincaré, Acta Mathematica, vol. 9. 
K. de Fériet, Thése, Paris, Gauthier-Villars (1915). 
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right-handed polynomial of this type can be expressed in the 
form (3) it follows that the function f must be of degrees m1, 
M2, in the pairs of variables a, Bye; a2, Boe"; +++; 
an, Bre“ respectively and a polynomial of degree m; + mz + 
m, in The number of arbitrary constants in the 
most general expression of this kind is 


(13) Ny = (m+ 1)(m2 + 1) (ma + + + 
+++ + ma + 1), 


hence we may conclude that there are N, linearly independent 
multiple wave functions which are right-handed homogeneous 
polynomials of degrees mi, m2, ---, mM» with respect to the 
different cells. The number of linearly independent left- 
handed polynomials is represented by the same number. 

To find the number of completely neutral polynomials of a 
given type we proceed as follows: Adopting a generalization 
of a method used by Cayley* we may derive one multiple 
wave function from another by operating on the latter any 
number of times with operators of type 


This operator does not alter the character of the function 
relative to the cells p, g. An operator of the type 


0 0 


gives a new right-handed multiple wave function when it 
operates on a multiple wave function which is either right- 
handed or neutral. So in this case the neutrality is lost. 

We shall now show that the equation 


OV OV OV OV 


is incompatible with the conditions of neutrality E®* = 0, 
H»?-* = 0, when V is a homogeneous polynomial of degrees 
mM, M2, ***, M, With respect to the different cells. 

If we differentiate (16) with respect to x, we find that 


* Liowville’s Journal, vol. 13 (1848), p. 275; Collected Papers, vol. 1, 
p. 397. 
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eV 
or, since V is neutral, 


Sane V is homogeneous this equation reduces to 
(1+ m,) ag 0 


and so (16) would imply that all the derivatives of V with 
respect to the variables zero. If then we suppose 
that V is not independent of these variables we may conclude 
that equation (16) is impossible. 

It is now clear that by means of successive operations of 
type (14) we may derive a simple wave function of degree 
m2 -+ m, from each completely neutral multiple 
wave function of degrees m1, me, --+, Mn, and that, conversely, 
we may derive a completely neutral multiple wave function of 
degrees m1, M2, ---, m, from each simple wave function of 
degree m2.+----+ Hence it follows that the 
number of linearly independent polynomials of each type is 
the same and in the case of the simple wave function this 
number is known to be* 


(m + m2 + + m, + 1). 


Denoting this number by No, we can say that the number of 
linearly independent neutral polynomials of degrees m1, m2, 
+++, Mn respectively with regard to the different cells is No. 
Since the neutral polynomials are included among both the 
right-handed and left-handed polynomials, we can expect 
that the total number of linearly independent multiple wave 
functions which are homogeneous polynomials of degrees 
M1, M2, -**, Will be represented by 2N, — No. 


Jouns Hopxins UNIVERSITY, 
Mp., 
28, 1915. 


* This follows at once from (13). See also Heine, Handbuch der Kugel- 
functionen (1878), p. 472. 
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CHANGING SURFACE TO VOLUME INTEGRALS. 
BY PROFESSOR E. B. WILSON. 


(Read before the American Mathematical Society, February 26, 1916.) 


Tue note of Dr. Poor on “ Transformation theorems in 
the theory of the linear vector function” in this BULLETIN, 
January, 1916, page 174, raises the question: Why not make 
the work short by using other methods? 


The equation* f dS( dr¥(_) is an obvious 
identity because 


SSidydx ) = — SSS ) 


is merely a partial integration. 
If ® be a linear vector function, 


= + = — + 


where the subscripts ® and u mean that the differentiation 
affects only the function indicated and the subscript M means 
that the differentiation is with respect to the point M of which 
uw is independent (other differentiations are with respect to P). 
Hence, integrating with no sign, with dot, and with cross, 


dS®-u = dtV y(P eu) — f dryu-+®,, Theorem 3, 
fdS-d-u= f drvy-(®-u) — f drva:4, Theorem 2, 


fdSx@-u = f x — S dr(yu 
Theorem 1. 


Next if ®-dW = d¥-®, then d(@-V) = V+ 
and V(@-¥) = Hence on integrating, 
we have 


fdsé-v =— f drvv-4, not given, 


* Reference may be made to my review, “The unification of vectorial 
notations,” this BULLETIN, vol. 16, May, 1910, p. 428, where I use dS as 
an exterior normal instead of an interior normal as here. 
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fdry-&.¥— fdry-¥-4, 
Theorem 6, 


fdSx@-¥ = — fdryxd-v— fdryx¥-4, 
Theorem 7. 
Finally we may write the identities 


V°(VP-u) = VevVieut+ Vue VPeu, 
Ve = Ver VuP ou + Vu). 


The terms Vyu*V®+u and VYe°VuP-u are the same, since 
the order in a scalar product is immaterial. Hence, by sub- 
traction and integration, 


— Ve (Vu-®,) = — (V+ Vu), 
— = f drAy(S-u) 
f dr@+-Au, Theorem 5. 


In these theorems I have used the notation of Gibbs and 
the results are therefore in some cases conjugates of Poor’s; 
for he uses d= ( )V-edr instead of d=dr-V( ). Tait 
and McAulay have employed a notation with subscripts so 
that the symbol V and its operand may occur in any positions; 
for instance w1V means the conjugate of Vu. Poor’s Theorem 
4, without the integral sign, is in this notation ®2+u1ViV2°x 
= (@.Y2°x)+*ui1Vi and represents an identity just as 
(ab)c = a(be) represents an identity in ordinary algebra. 

The formal side of multiple algebra has been highly de- 
veloped by Grassmann, Hamilton, Tait, Gibbs, McAulay, 
Clebsch, Aronhold, Study, and Shaw, not to mention a host 
of others. Why deny ourselves the advantages of the formal 
methods? The use of words like grad, div, rot is hampering: 
we no longer write Cubus m Census p 16 rebus sequatur 40 for 
x* — 82? + 16 = 40. 


Massacuvsetts InstiTUTE oF TECHNOLOGY, 
January 18, 1916. 
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A NEW METHOD OF FINDING THE EQUATION OF A 
RATIONAL PLANE CURVE FROM ITS 
PARAMETRIC EQUATIONS. 


BY JOSEPH EUGENE ROWE. 


(Read before the American Mathematical Society, December 27, 1915.) 


In this paper we shall give a new method of deriving the 
equation of a rational plane curve from its parametric equa- 
tions. 

Let the parametric equations of the rational plane curve 
R* of order n be 


(1) + eee => 0, 1; 2). 
In particular if n = 2, equations (1) become 
(2) x; = af? + 2bt + ¢; (i = 0, 1, 2), 


which are the parametric equations of a conic or R*. The 
coordinates of the points of the R? whose parameters are i 
and are 2b4: + ¢; and a,.2-+ 2bt.+ ¢;, where 
i= 0, 1, 2. Hence the equation of the line on ¢, and t, 
written out in full, is 


+ 2boti + Co arty? + Qitit cy + + ce 
(3) \aot2? + 2Wbote + Co + dete? + Zot, + c2|=0. 
Zo 


By subtracting the second row from the first and removing 
the factor t; — t2, equation (3) reduces to 


+ t)+2bo ai(ti tt) + 2b, + + 2b. 

dots? + Zote + Co arte? + Bite + cy date? + + 
Zo | 

The expanded form of (4) is 

(5) 2| aba |*tyte + | aca |(t, + te) + 2| bexr| = 0. 


ao bo 


(4) 


* By |abz| is meant the three-rowed determinant 
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If two values are assigned to ¢, and fz, (5) is the equation of the 
line which cuts out of the R? the points whose parameters are 
t; and f. If the coordinates of a particular point are assigned 
to the z; and a particular value of ¢; is given, (5) yields a 
value of ¢ which is the parameter of the other point cut out 
of the R? by the line on 2; and t;. So long as 2; and ¢,; are 
distinct points a definite value of t, may be obtained from (5). 
But if x; moves up and coincides with the point on the R? 
whose parameter is t, the value of ¢, is arbitrary. With 
these facts in mind it is desirable to arrange (5) in the form 


(6) aba|t,+ | acz + [| acx| t; + 2| bex|] = 0. 
The value of é, in (6) is arbitrary if only the two equations 
(7) |acxr|t,+2|bex| =0 


are consistent, and the necessary and sufficient condition that 
these two equations (7) be consistent is 


wie! | aca | 
|acx| 2| bex | 


That is, (8) is the equation of the R?, for it is the locus of a 
point x; subject to the condition that a line on this point and 
a point of the R? fails to determine a second point of the R’, 
or in other words, it is the locus of a point x; which coincides 
with a point of the R?. 

If n = 3 in (1), we obtain the parametric equations of an R* 
and the equation of the line determined by two points of the R? 
may be found in exactly the same way. With the above facts 
in mind the equation of this line may be thrown into the form 


[3 | aba | + 3| aca | t, + | adx |]t-” 
(9) + [3| aca| t,? + (| adx| + 9| bea + 3 | bdz 
+ [| adzx| i? + 3| + 3| edz |] = 0. 
This line cuts out of the R* the points whose parameters are 
t; and t. If t is given and the coordinates of a particular 
point are assigned to the 2;, (9) is a quadratic in ¢2 whose roots 
are the parameters of the other two points cut out of the R® 
by the line on ¢, and z;. These two values may be found from 


(9) so long as x; and ¢; are distinct points, but the values of 
t. become arbitrary as soon as ¢; and 2; coincide. The neces- 


(8) = 0. 
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sary and sufficient condition that the quadratic (9) be satis- 
fied by any two values of t is expressed by equating to zero 
the coefficient of each power of t, in (9). The determinant of 
these three equations equated to zero is 


abz | 3 | acz | | ada | | 
(10) 3|acx| |adz|+9|ber| 3|bdx|| = 0, 
|adz| 3 | bda | 3 | edz | | 


and this is the equation of the R* as the locus of a point 2; 
which coincides with a point of the R°. 

The method of finding the equation of the line determined 
by the points of the R" whose parameters are t,; and f2 requires 
no formal statement. If this equation is represented sym- 
bolically by 
(11) --- = 0, 


by arranging (11) as a binary (n — 1)-ic in 2 and equating the 
coefficients of the powers of ¢ to zero nm equations are ob- 
tained, and the determinant of these equations equated to 
zero is the equation of the R’. 


PENNSYLVANIA StaTE COLLEGE, 
November, 1915. 


THE PHYSICIST J. B. PORTA AS A GEOMETER. 
BY PROFESSOR GINO LORIA.* 


In his remarkable and entertaining Budget of Paradoxes, 
of which a new edition has just been published under the 
editorship of David Eugene Smith, Professor De Morgan 
speaks of the work entitled “Io. Baptista Portae Neapolitani 
Elementorum curvilineorum Libri tres. In quibus altera 
de Geometriae parte restituta, agitur de Circuli Quadratura 
(Romz, MDCX),” in the following words: “ This is a ridiculous 
attempt, which defies description, except that it is all about 
lunules.” 

Such a scornful judgment forms an evident contrast to the 
opinion expressed by M. Chasles, who in his Apergu Historique 


* Translated from the author’s manuscript by Madelaine A. Batta. 
t Second edition, Paris, 1875, p. 216. 
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speaks of Porta with respect, placing him among the geometers 
who used the method of zeometric transformation which 
causes the ordinates of the points of a figure to grow pro- 
portionally. To the support of his appreciation this great 
geometer refers at the foot of the page to “Elementa Curvi- 
linea, Book I,” giving neither date nor place of publication. 

Considering Chasles’s scholarly methods, this leads one to 
believe that he did not have the original work before him 
when he wrote these words. At any rate it is impossible to 
tell which of the three editions mentioned by Riccardi* he 
had a chance to consult. Of these editions the first appeared 
in 1601 as an appendix to the Pneumaticorum Libri tres, the 
second bears the date, Naples, 1609, and the third is the edition 
known to De Morgan and which I also have examined. 

Four years after the first publication of Chasles’s opinion 
(1837) another celebrated historian, Libri, declared{ that “The 
Elements of Curves includes an essay on the quadrature of 
the circle and shows that the author was not a genius in 
mathematics; for, besides errors, there are many insignificant 
matters mentioned in the work.” 

This judgment is fundamentally in accord with that of 
Montuclaf. It is less severe than that of De Morgan and, 
according to my idea, more true and more exact. To justify 
my point of view I propose to give an analysis of the opuscula 
of my fellow countryman, which I shall try te make more 
faithful to the facts. 

This work comprises 96 pages, 15 X 20.5 cm., and is com- 
posed of three “books” which are not at all closely connected. 
In the first book the author reviews the method by which it is 
possible to construct a circle which shall be a multiple of a 
given circle, or which shall be the sum or the difference of two 
given circles, or to transform two unequal circles into two 
equal circles which together shall be equal to the two given 
circles, etc. After that he turns to analogous questions re- 
lating to the ellipse. The constructions given by Porta are 
based on the known expressions for the area of a circle and 
the area of an ellipse, and on the applications of the theorems 


* Biblioteca Matematica Italiana, Part 1, col. 380. 
+ Histoire des Sciences mathématiques en Italie, Tome IV, Paris, 1841, 


. 138. 
. t Histoire des Recherches sur la Quadrature du Cercle, second edition, 
Paris, 1831, p. 203. 
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of the first few books of Euclid’s geometry. We regard the 
questions relating to the circle as having a general corollary, 
that is to say, that “The circles of a plane form a class of 
geometric magnitudes.” Furthermore they prove that it is 
possible to operate on circular areas by means of arithmetic 
operations even before these areas are calculated. From this 
point of view, the first book of the Elementorum Curvilineorum 
Libri tres might be of service even to-day to the instructor 
in elementary geometry, and at least it will suggest to him a 
few new exercises, the more so since the graphic methods of 
Porta are not without elegance. But I think Chasles was 
hardly fair in quoting Porta, for the only part of this work 
which relates to the transformation of curves is the repro- 
duction (which is found at the end of the 18th problem of 
Book I) of a practical method which, according to the author’s 
own statement, is due to the celebrated painter Albert Diirer 
who uses it to transform a circle into an ellipse by the dilation 
of the ordinates. 

The second book of Porta’s work is very much less important. 
Its purpose is to show how one can square areas having curved 
boundaries. These areas are however made up so as to be 
readily transformed into areas bounded by straight lines. In 
fact they are obtained by repeating several times operations 
of the following type: Consider an area bounded by straight 
lines and having two sides equal. On these two sides are 
constructed equal segments having as boundaries arcs of 
curves. If then one segment is added to the given area and 
the other subtracted, the resultant area will be equivalent to 
the initial area. This therefore is an area which can be 
squared. Such matters are, however, hardly worthy of our 
consideration. 

In his third book Porta comes to the old attempt of Hip- 
pocrates of Chios to square the circle by means of lunules 
(plane areas bounded by two circle arcs). Every one knows 
that it is impossible to attain the desired end by this method, 
however alluring it may be. We must consider, however, that 
Porta devotes less than two of the thirty pages of the book 
to this celebrated problem, all the rest being given over to an 
examination of other lunules considered by the ancients, and 
to areas of other figures of an analogous nature. 

The result of all this is that Porta’s work has but little 
importance and no true originality, but it proves that the 


| 


1916.] FUNCTIONS OF A COMPLEX VARIABLE. 343 


author had a thorough knowledge of the work of Euclid and 
that he made use of it with remarkable ease. He is therefore a 
circle squarer of a type different from those met by De Morgan, 
whose common characteristic is a complete and stubborn 
ignorance of the science of geometry. 

Porta on the contrary knew the classics of the science and 
was so imbued by the methods of the ancients as to make an 
evident effort to imitate their procedure and their style. 
And finally, if we take account of the fact that he lived at a 
time when geometricians could not walk without the steady 
support of Euclid and Archimedes, to whose invincible spell 
they had to submit, we conclude that De Morgan’s judgment 
of Porta is too severe. If indeed we consider him in the large 
group of authors of paradoxes studied with so much care by 
the illustrious professor of the University of London, Porta 
appears—I will not say as a new Archimedes, but at least a 
monoculus in terra coecorum. 


University or GENOA, 
November, 1915. 


PIERPONT’S FUNCTIONS OF A COMPLEX VARIABLE. 


Functions of a Complex Variable. By James PIERPONT. 
Ginn and Company, Boston, 1914. xiv + 583 pp. 8vo. 
Price $5.00. 

Out of the general development of higher analysis certain 
portions have gradually come to be recognized as suitable for 
introductory material and designated as Theory of Functions, 
or more precisely, as Functions of a Complex Variable. We 
have also Functions of a Real Variable, and it might seem as 
if these should come first; but there is a certain simplicity 
and elegance about functions of a complex variable that 
makes their study especially attractive. 

In this subject there is much that has been unsettled as to 
subject matter and method of treatment, and many of the 
books have quickly become out of date, or have lacked the 
accuracy now possible. It is therefore a matter of congratu- 
lation when a book of this kind comes from the interesting pen 
of Professor Pierpont. Such a book is bound to have a marked 
influence on the development of an ideal course. 
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This book is intended for students who have only completed 
the usual work in the calculus, and especially for those who 
do not intend to specialize in mathematics. Doubtless no 
one would be expected to cover all of these nearly 600 pages, 
but the subjects treated are all suitable for a first course, 
and those who have studied parts of the book will always 
find it useful for reference. 

The teacher will notice at once the entire absence of prob- 
lems to be solved. Much of the algebraic work, however, is 
quite condensed, and any one who masters this will have 
plenty of exercise, and with results better codrdinated with 
the text than the solution of independent examples would give.* 

The author deals gently with our reasoning powers, though 
he does not hesitate to tax our skill in the manipulation of 
formulas, and so perhaps the text which he produces is well 
adapted to the state of development of those who will use it. 
There seems to be a tendency in the schools to cultivate 
technical skill and to slight the theoretical side of mathe- 
matics. It is undoubtedly easier to train men to accurate 
mathematical work, and this training is of course very valu- 
able; but it is more important to understand a subject than 
merely to be able to use it, and it might be well on account of 
this tendency to emphasize the theory more than we otherwise 
would. 

In particular, the theory of irrational numbers forms the 
basis of all analysis, and is fundamental even in parts of ele- 
mentary geometry and algebra. It is the opinion of many 
mathematicians that this theory cannot be taught in the high 
school, nor even to college freshmen; but it is certainly 
necessary to any rational treatment of limits and series, and 
one would think that it might be taken up with the calculus. 
Yet here is a book for students who have completed one or 
two years in the calculus, who are supposed to have some 
knowledge of series and a considerable knowledge of the 
properties of integrals, but who are still too immature to 
comprehend the Dedekind theory, or to prove, for example, 


* A good collection of examples may be found in the English translation 
of Burkhardt’s Einfithrung, etc., referred to by our author on page 3: 
Theory of Functions of a Complex Variable, H. Burkhardt, translated by 
8. E. ; D. C. Heath and Co., Boston, 1913. There are examples also 
in Forsyth’s Theory of Functions of a caval: Variable, Cambridge 
University Press, 2nd ed., 1900, and in Principes de la Théorie des Fonctions 
Elliptiques et Applications, by P. Appell and E. Lacour, Paris, 1897. 
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that a variable always increasing and always less than some 
fixed number will have a limit (page 29). The author explains 
his view very clearly on page 33, but we think that this 
subject can be made quite simple, so much of it as is necessary 
for the proofs of a few fundamental theorems, and that it is 
well worth the time that might have to be taken from more 
advanced technical study. Even students who do not go 
on with mathematics will know better the mathematics that 
they do get, and will be better able to use it, if they understand 
better the foundations on which it rests. 

Extreme care is shown in the accuracy of the proofs, yet 
there are certain forms of expression which might lead the 
immature student into loose ideas as to the necessity of always 
having a proof. The words “obvious” and “obviously” can 
usually be cut out without any loss whatever, and when they 
occur they are apt to leave the impression that some things 
are to be taken in mathematics as obvious. We find that ‘‘the 
theorem mentioned above is self-evident and requires no 
proof,” that the reader “knows” some things (page 7), and 
that the discussion given of the law of the mean (page 143), 
although not an analytic proof, will make the reader “feel in 
the most convincing manner” that the law is true. Some- 
times also a theorem is true because “the figure shows it” 
(see, for example, pages 58 and 139). The student should 
clearly understand that such considerations can form no part 
of a logical system. 

These remarks do not apply to the work as a whole, but 
only to a few sections. In general, the importance of rigorous 
proofs and accurate details is emphasized. 

The author has an informal way of discussing many things 
that makes them very interesting. Instead of a collection of 
dry facts and formulas we see the subject as it develops. See, 
for example, his remarks on imaginary numbers (page 10), 
the treatment of the e-notation (pages 32-34 and 132), 
differentiation and integration at the beginning of Chapter VI, 
the significance of Cauchy’s integral theorems (page 215), 
Taylor’s theorem (page 223), the o-function (page 359), and 
the 3-functions with zero arguments (page 431). 

The book begins with a historical sketch of two pages. 
We should like to have seen a fuller account of the early 
history of this subject. A few historical remarks scattered 
through the book give a hint as to how interesting such an 
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account would be (see pages 23, 91, 289, 300, 395, 402, 410, 
412, 418, 423, 425-426, 454-455). The names of Abel, 
Cauchy, Gauss, Jacobi, Legendre, and Weierstrass occur 
frequently, and several others are mentioned, but these names 
would mean much more if the student knew something of 
the men. In only a single case (pages 395 and 401) is there 
a reference to any of their writings, and in the entire book 
there are only seven specific references to other books or 
publications. 

A much fuller index and a table of formulas would have been 
very useful, and the number of cross references could have 
been increased to great advantage. 

The first chapter gives the usual account of the representa- 
tion of complex numbers by points in a plane. There is no 
mention in the book of the linear function except once on 
page 88, nor of Riemann surfaces. We are accustomed to 
the early introduction of these topics, but the author has 
been able to do without them, and regards other subjects as 
more important for students who do not intend to specialize 
in mathematics. 

Two chapters deal respectively with real and complex 
series, but the first of these two chapters is concerned chiefly 
with questions of convergence, while Chapter III takes up 
the various properties of series, operations with series, power 
series, and double series. The author explains very carefully 
the notion of limits (page 33), and introduces the admirable 
notation so freely used in his Functions of a Real Variable, 


“e>0,m,|c—en|<en>m.” 


We should like to call attention also to his excellent treatment 
of the “associative and commutative” properties of series 
(pages 64-71), and of “row and column series” (pages 80-84). 
One theorem on the removal of parentheses (the second case 
at the bottom of page 67) might be made a little more general 
by assuming, not that A is a positive term series, but that 
the terms in the parentheses are all positive while the paren- 
theses may have either sign. This, indeed, is the theorem 
required on page 70. 

These two chapters are followed by a chapter on the func- 
tions employed in elementary mathematics. A third of this 
chapter (about 13 pages) comprises all that we have on 
algebraic functions, the book being devoted almost entirely 
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to one-valued or uniform functions. The rest of the chapter 
is a study of the exponential, circular, and logarithmic func- 
tions, starting from their series developments. 

Chapter V is on real variables, being a résumé of some parts 
of the calculus and an account of curvilinear and surface 
integrals. It is chiefly in this chapter that the author appeals 
to intuition, or bases his theorems on geometrical considera- 
tions that do not constitute proofs. As we have already 
explained we think that a more rigorous treatment would not 
have been so very much more difficult. There are some 
interesting physical applications at the end of the chapter, to 
work, potential, electric current, and Stokes’s theorem.* 

Chapter V prepares the way for the study of complex dif- 
ferentiation and integration in Chapter VI. The Cauchy- 
Riemann equations are given, the theorem on conformal 
representation by means of a function having a derivative, 
and the properties of integrals of such functions. Steady 
(that is, uniform) convergence is also taken up, and the 
integration and differentiation of series. The treatment of all 
these subjects is very clear and simple. 

Then we have a chapter on analytic functions, with Cauchy’s 
theorems, Taylor’s theorem, Laurent’s theorem, and Fourier’s 
development; a chapter on infinite products leading to 
Weierstrass’s theorem (Mittag-Leffler’s theorem not being 
mentioned); and a chapter applying these theorems to the 
study of the Beta and Gamma functions, and giving a some- 
what difficult account of asymptotic expansions. The subject 
of analytic continuation as presented in the first of these three 
chapters is interesting. This term is used here in a slightly 
broader sense than usual; namely, to denote the process of 
finding the value of an analytic function at a point z when 
its values are known along some piece of a curve or line 
(page 225). In the chapter on infinite productsf the sine 


* On page 156 the set of equations immediately following (5) is paren- 
thetical, put in for the p’ e of deriving formulas to be applied to (5). 
It would have been clearer if these equations had been put in as a footnote, 
or printed in small type. 

+ On page 267 an infinite product is said to be convergent when the 
limit of the product of the first n factors is finite and not zero, or “when 
one of the factors is zero.” This is not the usual definition and with this 
definition the theorems which follow are not all true. 

On page 280, in considering the associative character of infinite products 
the author omits entirely the question of removing parentheses, which 
he treats very carefully in the case of infinite series (page 67). 
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and cosine products and associated series are given. It is 
always a delight to the student to find so many new and 
wonderful properties of the long familiar functions of trigo- 
nometry. 

The relation of the modern function theory to the study of 
elliptic functions is about the same as the relation of analytic 
geometry to the study of conic sections. There are three 
chapters (X—XII) on the elliptic functions, the first on the 
functions of Weierstrass, the second on the functions of 
Legendre and Jacobi, and the third on the d-functions and 
the relations of the two systems of the preceding chapters. 
As usual the functions of Weierstrass are developed from the 
point of view of their periodicity and the functions of Legendre 
and Jacobi from the elliptic integrals. There is a certain 
amount of duplication in the two systems, but both are needed, 
one being better adapted to some applications and the other 
to other applications. The #-functions are the simplest 
functions in the older system and it is often convenient to 
express the other functions in terms of them. They corre- 
spond to the o-functions of Weierstrass, and the exact relation 
between the two systems is obtained from the study of these 
two simplest types. We have in these three chapters a very 
good introduction to the elliptic functions with plenty of 
detail to work out and one or two applications. More 
applications would have been welcome. 

Finally, three chapters (XIII-XV) on linear differential 
equations introduce us to some of the functions defined by 
equations of the second order. This subject is not usually 
considered in the text-books on the theory of functions, but 
these chapters put into our possession some of the functions 
which are most important in mathematical physics, and the 
methods used are only those developed in the preceding pages. 
The author’s course in writing these chapters is in line with 
the practice of some writers on the calculus to add a chapter 
on the solution of differential equations as furnishing many 
valuable results from the methods previously studied, as well 
as the best possible kind of practice in these methods. 

One or two details may be noticed. It would probably 
have conduced to clearness if the author on pages 41 and 284 
had referred to the extended law of the mean or Taylor’s 
theorem in finite form, instead of simply “the law of the 
mean” as he does. The proof at the bottom of page 245 
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requires that c +0. For c= 0 the treatment would be 
somewhat different. On page 344, an elliptic function that 
has no pole in a parallelogram of periods is a constant, not 
because it “has no singular point anywhere in the infinite 
plane,” but because it is “less than some G” in the parallelo- 
gram, and then less than this G everywhere in the plane. On 
page 364 (9), the coefficient of 2 should be — s¢/8 + s,7/32. 
This shows that the law of the series is not as simple as the 
second and third terms would indicate. On page 429, line 1, 
we cannot get ao by putting g = 0 until we have shown that 
a does not depend on g. The terms of the sine-series for 
8:(v) do not vanish when » = m~+ nw, as stated at the top 
of page 430, for n +0. On page 473, if m=1+3 and 
r = — M, C2141 Will not vanish but will be undetermined, and 
all the c’s of odd index after this c will contain it as a factor. 
We can, however, arbitrarily give to this ¢ the value zero and 
so get an integral independent of y; and without logarithms as 
desired. On pages 481-483 the formulas are not quite con- 
sistent as to the sign-factor (— 1)". The matter may be 
straightened out by putting this factor into equation (2) and 
taking it out of equation (3) and out of the expression for 
0U,/ds. In equation (6) m should be used instead of n and 
2™II(m) should be in the numerator and not in the denominator. 
In the expression for 0V;/0s the first term should contain the 
factor 2”, and the second term should be C 2”—II(m)w(m) J m(z) 
instead of “1/2 C Jn(zx).”” Also w(0) should be put equal to 0 
and not equal to 1. In (7) the logarithmic term should have 
the factor 2, “II(m)” should be II(k), and at the end there 
should be the factor (x/2)?*. On page 551, eight lines from 
the bottom the factor |y/a|** should be |t/a|*#1, and 
should be in the integral in (10) should be 
and the limit of the integral will be (A + s — 1). 

The criticisms which we have offered do not reflect on the 
validity of the author’s proofs. Many text-books present a 
view of mathematical reasoning that is entirely erroneous. 
Here we are taught the true spirit of modern rigor, and the 
student who studies this book properly should know what 
true mathematics is. This is far more important than mere 
verbal accuracy of detail. 

These pages are right from the lecture-room; not always in 
smooth clear polished style, but full of life and an enthusiasm 
that carries us along as we read them. They are well adapted 
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to the classes in our American colleges, and we hope that 
they will be extensively used. 


Henry P. MAnninae. 
Brown UNIVERSITY. 


SHORTER NOTICES. 


Analytic Geometry of Space. By Vinci. SNYDER AND C. H. 
Stsam. New York, Henry Holt and Company,1914. xi+ 
289 pp. 

Tuis is one of the series of mathematical texts prepared under 
the general editorship of E. J. Townsend. The announced 
plan, however, of selecting as joint authors a mathematician 
and an engineer or physicist has not been adhered to in this 
case. As would be expected accordingly, the book will make 
its first and strongest appeal to the student of pure mathe- 
matics. If there is a single “ practical problem ” in the entire 
volume the reviewer has failed to discover it. 

The authors are well fitted for their task since each is a 
specialist in the geometry of space and both are teachers of 
wide experience. Moreover their book possesses remarkable 
homogeneity of style and spirit, due possibly to the fact that 
the junior author was a pupil of the senior. At any rate, if 
there was any sharp division of labor the internal evidence is 
difficult to detect. 

The book in size is an unpretentious volume of some 250 
pages exclusive of the last chapter, and the modest preface 
states that it is intended as an introductory course. But even 
a casual examination will disclose an astonishing number and 
variety of topics, while a detailed reading emphatically con- 
firms the first impression. Thus besides the usual equations 
of lines and planes and the metric formulas for angles and 
distances are introduced polar, cylindrical, and spherical coor- 
dinates, linear systems of planes, the notion of duality, homo- 
geneous coordinates, and the plane at infinity, all in the first 
37 pages! Surely this is information and ideas in a form suf- 
ficiently concentrated to stagger the average American 
undergraduate. It is only the very large number of excellent 
exercises (about 150 in the two chapters) which saves him from 
the otherwise inevitable confusion. 
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Indeed in our opinion the chief fault of the work as a tezt 
book is an excessive diversity of topics, many of which are 
treated very sketchily. As an extreme instance, the Kummer 
surface is introduced and dismissed with a half page. Whereas 
the worst blemish as a book is the frequent monotony of the 
expository style. This reaches a climax in Chapter VI in 
which the short, choppy, declarative sentences grow exceed- 
ingly tedious, the more because of the “ vain repetitions.” 

While it is true, as indicated in the preface, that a knowledge 
of the usual elementary courses is all that is logically pre- 
supposed, it must be admitted that the first approach to such 
subjects as homogeneous coordinates, duality, linear systems, 
and the absolute is much simpler in the plane. And a student 
would be far better prepared for the present course after a 
thoroughgoing course in advanced plane analytic geometry. 
This statement applies to the entire book, but nowhere have 
we found the slightest hint of the natural method of attacking 
most topics in space, viz., that of generalization from the 
plane. 

The book is divided broadly into two parts of approximately 
100 and 150 pages respectively. The treatment in the first 
part is chiefly metric and “ can be regarded as a first course not 
demanding more than 30 or 40 lessons.” The subject matter 
of the first two chapters has already been indicated. The 
exposition is for the most part clear and concise but there are 
some obscurities of language. On page 1 it is stated that any 
point in space has three real coordinates. If one is to speak 
of real numbers, why not real points? ‘“ Orthogonal pro- 
jection ” is defined on page 3, while the theorems of page 4 
use “ projection ” as the equivalent. The proof, page 12, 
that the three points are not collinear might have been made 
a little more explicit for the beginner who has not yet regarded 
the formulas of § 6 as parametric equations of the line. On page 
21 “real value” is again associated with “ point ” without 
qualification. Article 23 is the first echo of the classical C. 
Smith, which has given analytic geometry of space such an 
awesome reputation in our colleges. Such puzzles are doubt- 
less stimulating to the occasional American student, but the 
statement should be free from ambiguity. The wording of 
the paragraph is awkward and the figure is inappropriately 
lettered. PP’ ought rather to be P;P2 and should be defined. 
In any case d refers to the other common secant. 
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The introduction of plane coordinates and elements at 
infinity is admirable, being simple, direct, and lucid. Moreover 
we commend the early discussion of these subjects (pages 
31-35), since the notions are not intrinsically difficult and 
opportunity is afforded for the needed practice in their use. 
Not only is euclidean geometry greatly enriched, but the foun- 
dations are laid for the easy and natural transition to pro- 
jective geometry. 

Chapter IV is prefaced by a satisfactory treatment of geo- 
metric imaginaries. It is a matter of regret that imaginary 
elements are not recognized in our current texts on an equal 
footing with real,—that, e. g., such expressions as “ point 
sphere” (§ 48), “the ellipse reduces to a point” (§ 56) should 
survive in the present text. 

Chapter V is devoted to the sphere. We are glad to find a 
discussion of the absolute in this connection, for the subject 
belongs properly to metric geometry, though curiously enough 
it is usually included with projective. 

In Chapter VI forms of quadric surfaces are studied from 
the standard equation by means of plane sections. This is a 
useful chapter, serving as an introduction to the following. 
Chapter VII contains an excellent treatment of the general 
equation of the second degree following the usual lines. Some 
of the important results are employed in § 75 to formulate a 
method of attack in discussing any particular quadric. This 
article would be improved pedagogically if it were amplified 
into a summary by including the criteria of §§ 66 and 73. 
The reduction of the general equation to the canonical forms 
and hence the complete classification of quadrics is effected with 
small labor and without actually applying the formulas for 
the transformation of coordinates. 

The authors mention the definitions of page 76 among the 
features of PartI. In our opinion they are a bad feature unless 
the associated type of surface is indicated. What student 
would ever guess from the definition that “ line of vertices ” 
is the common line of two intersecting planes, or even that the 
quadric degenerates? Worse still is “ plane of centers ” and 
“plane of vertices” with the even greater specialization 
involved. 

The second part of the book (Chapters IX—XIII) is devoted 
almost exclusively to the projective geometry of space. Many 
advanced students will find this part an attractive introduction 
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to the modern methods in the subject, while the variety of 
topics and the completeness of some of the results make it a 
valuable reference book as well. 

Chapter IX is introductory and has to do with the tetra- 
hedral coordinate system, duality, and the transformation of 
coordinates. The projective properties of quadric surfaces 
are developed in Chapter X and simplified forms of the general 
equation obtained for various reference systems. 

A special feature of the entire book is the extensive space 
given to linear systems. Systems of planes and spheres are 
considered in Part I. The whole of Chapter XI, the longest 
in the book (40 pages), is occupied with linear systems of quad- 
rics. An exhaustive classification of pencils of quadrics by 
the theory of elementary divisors is obtained. And this 
study is paralleled in Chapter XII by a complete classification 
of the types of projective transformations of space. Bundles 
(systems of three) are also examined at some length. Webs 
(systems of four) are considered briefly and the Weddle 
and Kummer surfaces defined by means of them. 

The polar theory of surfaces is outlined in Chapter XIII. 
Space curves are introduced as intersections of surfaces and 
their properties deduced largely from this point of view. 
Fifteen pages are given to cubic and quartic curves, including 
a classification, metric in the case of the cubic since all space 
cubics are rational. The characteristic symbols for curves are 
likely to be confused (in § 186, e. g.) with those for pencils 
of quadrics, since they differ in some cases only by a comma. 
Parentheses might be used in one case instead of brackets. 

The book closes with a chapter (23 pages) on metric differ- 
ential geometry, after the modern fashion of appending a 
few pages on a subject itself requiring a treatise. Such supple- 
ments are necessarily fragmentary but it is surprising to see 
how much can be condensed into these introductory sketches. 

A review would be incomplete without a statement regarding 
the exercises. It has been our fortune to see few books with 
such a wealth of good exercises. There is hardly a topic in all 
the incredible variety which is not amply illustrated, and they 
are suited to all classes and abilities of students. It is safe 
to say that any one who solves any considerable proportion of 
them must possess a pretty comprehensive grasp of the methods 
of analytic geometry as well as a very respectable store of its 
subject matter. 
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The following typographical errors have been noted: 


for NP read NP; 

interchange f and g 

P. 84,1. 17, second term............ for « a 


R. M. Wincer. 


Elementary Mathematical Analysis, a text-book for first year 
college students. By Cuarues S. Sricuter, Professor of 
Applied Mathematics, University of Wisconsin. New 
York, McGraw-Hill Book Company, 1914. Price $2.50. 
xiv + 490 pp. 

In the older texts on pure mathematics the intellectual 
interest of the student in the subject was assumed, and the 
practical interest in applications was not given recognition. 
In many modern discussions of the place of mathematics in 
instruction the possibility of an intellectual interest in the 
subject, the possibility that a real need of reasoning, intelligent 
beings is satisfied by pure mathematics is denied and only 
that which ministers quite directly to the physical being is 
recognized. The present text, while it gives some attention to 
the intellectual side, places the real stress upon the applica- 
tions to practical affairs, apparently justifying the study of 
mathematics because of its service to other sciences and to 
business. 

Trigonometry, analytical geometry, and calculus have un- 
doubtedly been made the fundamental mathematical studies 
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in college curricula because of the usefulness of these subjects 
in the sciences as well as because they are indispensable for 
further study in mathematics. However, like geometry and 
algebra in the high-school courses, these subjects have also 
been taught because they lend themselves to systematic and 
logical treatment. In analytical geometry, for example, we 
expect to find the fairly complete discussion of the general 
equation of the first degree and the similar discussion of the 
general equation of the second degree. The circle has com- 
monly received analytical treatment because this procedure 
throws light upon the similar treatment of the other conic 
sections, enabling the student to comprehend easily the geo- 
metrical properties of the other conics as obtained by analytical 
methods. Entirely aside from the possibility of application 
to practical affairs the feeling has been that the student obtains, 
by these methods, some real appreciation of mathematics, of 
number, and of form. Further than this, even of those who have 
desired the study of trigonometry, analytical geometry, and 
calculus because of their applicability to science, many have 
felt that by the study of the elements of these subjects, with- 
out the complications introduced by physical data, the student 
would be able the better to handle these tools when confronted 
with a real problem. 

Historically the study of the properties of the conic sections 
by the Greeks was entirely independent of mundane purposes. 
Yet this study did make possible the’achievements of Kepler 
and Newton; these Greek studies prepared the way for the 
development of modern mathematics. 

In this text the reader will look in vain for any systematic 
discussion of the straight line and the general equation of the 
first degree. The formulas for the distance between two 
points, for the area of a triangle formed by three points, and 
for the point of division of the line joining two points do not 
appear at all. The “point-slope” and the “two-point” 
formulas for the straight line appear towards the end of the 
work (pages 431-432). The circle and the conic sections are 
treated after curves of the form y = az”. While the general 
equation of the second degree receives consideration, this seems 
to be, according to a footnote, in some measure as a concession 
to correspondence courses. Tangents and normals receive 
scanty treatment. 

The table of contents shows an entirely different order of 
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procedure from that to which we have grown accustomed. The 
chapter headings are as follows: I. Variables and functions of 
variables. II. Rectangular coordinates and the power function. 
III. The circle and the circle functions. IV. The ellipse and 
hyperbola. VV. Single and simultaneous equations. VI. Per- 
mutations, combinations, the binomial theorem. VII. Pro- 
gressions. VIII. The logarithmic and exponential functions. 
IX. Trigonometric equations and the solution of triangles. 
X. Waves. XI. Complex numbers. XII. Loci. XIII. The 
conic sections. XIV. Appendix—a review of secondary 
school algebra. 

An immense amount of material is included within the 
book; the treatment of this material is not characterized by 
simplicity. In both of these respects the work is in striking 
contrast with modern high-school texts on algebra and 
geometry. Here the tendency has been to simplify by ex- 
clusion and to adapt the material presented in every way 
to the pupil. Any attempt to treat the freshman in college 
as a superior order of being, as compared with the high-school 
student, would seem to be doomed to failure. 

While the attempt to introduce into the freshman course in 
mathematics some practical applications of the mathematical 
material is highly to be commended, to make the entire course 
center on the discussion of the highly technical is little short 
of ridiculous. Take as illustration the chapter on “ Waves,” 
which is not preceded by any discussion of the parabola and 
by only the briefest treatment of the ellipse and hyperbola. 
In this chapter we have extensive and intensive, for the fresh- 
man, study of simple harmonic motion, besides stationary 
waves with a number of problems about “ seiches,” compound 
harmonic motion, harmonic analysis, sinusoidal function, and 
connecting rod motion. What wonderful freshmen! Nothing 
that has ever been given anywhere to freshmen students of 
mathematics could be more impractical for the freshman 
than this material. Similarly, too, topics like the discharge 
of water over trapezoidal weirs, the capacity of smooth con- 
crete flumes, the flow of water in clean cast-iron pipes have no 
place in freshman mathematics; fortunate is the engineering 
school whose seniors are able to discuss intelligently such 
problems. 

The teacher of elementary college mathematics will find some 
valuable suggestions such as the “ Illustrations from Science ” 
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(pages 65-71), the use of logarithmic paper, and the proper 
treatment of physical data. 

Typographical errors are numerous. Among other errors 
“the trajectory of the projectile of a German army bullet ” 
(page 396) is particularly offensive. The statement (page 
214) that the principle of logarithms “ had been quite over- 
looked by mathematicians for many generations” is not 
correct, for the principle was known even to Archimedes and 
appeared and was discussed in books of the sixteenth century. 
The development of negative, fractional, and irrational num- 
bers (page 355) is the logical one, and not from “ the history ot 
algebra.” In the treatment of trigonometry the constant 
use of all six trigonometric functions would seem to be open 
to criticism: There appears also repeated emphasis upon 
rather trivial schemes for memorizing formulas and even the 
signs of ordinate and abscissa (or of sin a, cos a, and tan a). 

Doubtless in the customary instruction in freshman mathe- 
matics too little attention has been paid to the functions 
y = az", y = asin mz, and y = k - a”, and to the elementary 
applications of these functions and of the conic sections. 
Possibly in the future some way will be found to include in 
the freshman course, while preserving a logical treatment of 
the mathematical material, some applications which will be 
practical from the standpoint of the freshman. The present 
text does not appear to be successful either in logical treatment 
or in the presentation of practical material adapted to first- 
year students. 

Louis C. KarprInsKI. 


An Introduction to the Theory of Automorphic Functions. By 
Lester R. Forp, M.A. (Harv.) G. Bell and Sons, Limited, 
London, 1915. viiit+96 pp. Price 3s. 6d. 

Tuts is No. 6 of the Edinburgh Mathematical Tracts and 
has its origin in a series of lectures on automorphic functions 
given by Mr. Ford to the Mathematical Research Class of the 
University of Edinburgh during the spring term of 1915. 

Mr. Ford has endeavored to bring out “the concepts and 
theorems on which the theory is formed, and to describe in 
less detail certain of its important developments.” The 
tract is therefore conceived in the nature of an orientation 
rather than that of a treatise, and contains six chapters: 
I, Linear transformations; II, Groups of linear transforma- 
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tions; III, Automorphie functions; IV, The Riemannian- 
Schwarz triangle function; V, Non-euclidean geometry; VI, 
Uniformization. 

In the chapter on linear transformations the proof, on pages 
5-6, that the linear transformation is the most general one 
yielding a one-to-one correspondence between a 2- and a 2’- 
plane is incomplete. The most general function of this kind 
may be written in the form 


An-1 


where g is the only pole which may occur and where ¢(z) 
is holomorphic in the entire z-plane. For, if @ were not 
holomorphic throughout (including z = ©), f(z) would have 
more than one place where 2 = ©, which is against the 
supposition of a one-to-one correspondence. ¢(z) must 
therefore be a constant. The rest of the proof then follows 
as shown on page 6. 

In the discussion of the regular solids, Chapter IV, the 
labeling of the regions in the stereographic projection of the 
octahedral grop by the corresponding substitutions 1, S, 7, 
and their products would greatly benefit the student. It 
should also be shown, by one example at least, how polyhedral 
functions based upon these groups may be constructed. 

The connection between non-euclidean geometry and groups 
of linear substitutions may be established more explicitly by 
Poincaré’s own method. Another model of a very clear, 
brief, and effective demonstration of this proposition may be 
found in “ Die Idee der Riemannschen Fliche,” by H. Weyl, 
pages 148-159. 

It seems to me that the exceedingly important subject of 
“ uniformization,” even in a mathematical tract, should have 
received a fuller treatment. Reference to the elementary 
example of the uniformization of curves of deficiency 1 by 
elliptic functions would have added interest to this chapter. 

The bibliography of automorphic functions at the end is a 
most valuable feature of the little book. We miss a reference 
to Gauss. See remarks by Fricke in Gauss’s Collected Works, 
volume 8, pages 102, 103, volume 3, page 477. 

But I suppose that desiderata of all kinds regarding an 
introduction to the vast subject of automorphic functions, 
limited to 96 pages, vary from person to person. 


fie) = 
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It must be said, however, that within this space Mr. Ford 
has succeeded well in the task which he has set for himself. 
ARNOLD Emcu. 


A Course in Interpolation and Numerical Integration for the 
Mathematical Laboratory. By Davw Gres. (Edinburgh 
Mathematical: Tracts, No. 2.) London, G. Bell and Sons, 
1915. viii+90 pp. 

A Course in Fourier’s Analysis and Periodogram Analysis for 
the Mathematical Laboratory. By G. A. Carse and G. 
SHEARER. (Edinburgh Mathematical Tracts, No. 4.) 
London, G. Bell and Sons, 1915. viii+-66 pp. 

THESE two little volumes of the series edited by Professor 
Whittaker treat some of the more essential parts of the subjects 
of interpolation and numerical approximation, the first being 
devoted chiefly to the non-periodic case of polynomial inter- 
polation, the second mainly to trigonometric interpolation in 
the representation of periodic functions. In the first volume, 
after a very brief introductory chapter on finite differences, 
Chapter II is devoted to the various standard interpolatory 
formulas of Lagrange, Newton, Stirling, etc., and closes with a 
brief account of numerical differentiation. Chapter III, on 
the construction and use of mathematical tables, is in part 
devoted to explaining in detail the application of the foregoing 
principles to direct and inverse interpolation, and in part to 
special methods for computing tables of logarithms. Finally 
Chapter IV is concerned with numerical integration. 

The second volume begins with a chapter which gives in 
barest outline and quite without proofs the main facts which 
the practical man must know about Fourier’s series. This 
chapter closes with Bessel’s elegant deduction of a finite trigo- 
nometric sum which gives the best approximate representation 
of a function in the sense of the method of least squares when 
the values of the function at equally spaced points are known. 
It is the evaluation of the coefficients of these finite sums (not 
of Fourier’s series) which is considered in Chapter II by 
various methods, chief among which are the systematized 
methods of computation devised by Runge in the cases of 12 
and 24 ordinates. Certain graphical methods are also ex- 
plained, but the instruments which effect this interpolation 
mechanically are explicitly excluded. Chapter III, which is 
entitled Periodogram Analysis, is devoted to a discussion of 
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the following problem: Some natural phenomenon is repre- 
sented graphically by an undulating (but not periodic) curve. 
It is required to represent this curve, if possible, either com- 
pletely or with a small irregular residuum, by the super- 
position of a number of simple harmonic curves, whose 
periods, phases, and amplitudes are all to be determined. Two 
different methods of treating this problem are here given, one 
of which goes back, in part, to Lagrange. Chapter IV opens 
with a very brief description of spherical harmonics and the 
development of arbitrary functions on a spherical surface 
which proceed according to them. The rest of it is devoted to 
a discussion of F. Neumann’s method for the practical calcu- 
lation of the coefficients in such developments. 

The exposition of the purely formal sides of the subjects 
treated is clearly and attractively done. The task of com- 
pressing the preliminary theoretical matter into very brief 
space, without making it wholly unintelligible, is such a diffi- 
cult one that one is inclined not to criticize, especially as 
these are not the essential parts of the books. One wishes, 
however, that a little more stress might have been laid on 
some aspects of interpolation which the writers would perhaps 
class as theoretical. The degree of accuracy attained by the 
various approximative formulas is hardly touched upon, the 
very serviceable remainder in Simpson’s rule, for instance, 
being not even mentioned. It should surely have been 
pointed out that Bessel’s formulas for trigonometric inter- 
polation given at the close of Chapter II of the second volume 
under review contain undetermined parameters when the 
number of ordinates is less than the number, 2r + 1, of coef- 
ficients. This is the case which is used in Chapter III, 
where the number of ordinates iseven. Moreover, the reader 
is left in doubt whether the 12 and 24 ordinate formulas of 
Runge give exact coincidence with the desired values at the 
points in question; or, perhaps, if the reader has not passed 
beyond the stage of counting constants, he will not even be in 
doubt. That we do have exact coincidence might easily have 
been demonstrated, and should at least have been explicitly 
stated. 

Throughout both volumes great stress is laid on actual 
numerical computation, substantial numerical examples being 
almost everywhere worked out and others left for the reader 
to carry through. This is the strong side of the books and 
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one of their characteristic features. In other ways also much 
valuable material has here been brought together for which 
persons wishing to learn or teach the subject will feel grateful 


to the authors. Maxme Bécuer. 


Ueber die analytische Fortsetzung des Potentials ins Innere der 
anziehenden Massen. Preisschriften gekrént und heraus- 
gegeben von der Fiirstlich Jablonowskischen Gesellschaft zu 
Leipzig. XLIV. By Gustav Herctiorz. Leibzig, Teub- 
ner, 1914. 52 pp. 

Tue problem for which this memoir is a solution was stated 
as follows: A given ellipse is transformed by the method of 
reciprocal radii into a certain oval. Consider a plane surface 
of homogeneous material (flat plate) bounded by such an oval. 
In the Abhandlungen der Kéniglich Séchsischen Gesellschaft 
der Wissenschaften, 1909, C. Neumann proved on the basis 
of the theory of the logarithmic potential that, so far as its 
action on exterior points is concerned, the surface in question 
can be replaced by a material line bounded by two mass points. 
Since it might be of interest to extend this result to space of 
three dimensions, the Society proposed the following question: 
In the theory of the newtonian potential what is the analogue 
of Neumann’s theorem? That is, what can be said about the 
newtonian potential of a homogeneous solid bounded by the 
ovaloid which is obtained from an ellipsoid by the method of 
reciprocal radii? 

The point of view adopted by the author is exhibited first in a 
generalization of the result obtained by Neumann for the case 
of the logarithmic potential. If the potential of a body for 
outside points can be represented as the potential of a suitable 
mass distribution within the body, then certainly it can be 
continued analytically inside the body up to the mass dis- 
tribution. Conversely, if the potential can be continued 
analytically to points inside the attracting body and if the 
singular points of the potential which are encountered be 
enclosed by any surface (curve in the plane problem) F, then 
the potential, because it is regular outside F, can be represented 
as the potential of a mass distribution on F. In general the 
mass consists of a single and a double distribution, the density 
of which depends on the surface chosen. 

The exact meaning of the analytic continuation of the 
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potential is apparent only by following the transformation by 
which the potential is expressed as a line integral of a function 
of a complex variable. The logarithmic potential of a flat 


plate of unit density upon an exterior particle at (£, 7) is 
defined by 


Vien) = flog zdedy, (R= @— 


The components of attraction are 


If we set & = £+ in, u = z+ iy, v = x — ty, and define 2 by 
a(S) = X — 


a= ff, 


2) = KS 
where §t denotes the real part of the integral. If 


then 


and 


then, by Green’s theorem, 


where the integral in the second member is taken around the 
curve which forms the boundary of the plate. Since the first 
member is equal to 2, this equation becomes 


v 
u— 


1 v 
= 


The denominator is single-valued and does not vanish 


a—& 

Re 

R? deedy. 
| 
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throughout the integration. The singularities must enter 
through », which is determined as a function of u from the 
equation of the curve C. If this curve is algebraic the possible 
singularities are branch-points and poles, which occur at the 
foci of the curve. As defined by Pliicker the ordinary foci 
of an algebraic curve are the real points on the tangents to the 
curve which pass through the circular points at infinity. If 
the curve includes the circular points then the tangents at 
these points furnish extraordinary foci. The function » 
has a branch-point at an ordinary focus and a pole at an extra- 
ordinary focus. The analytic continuation of the potential 
means the process of allowing the curve C to shrink without 
passing over a singular point. If the singular points are joined 
by a curve L then L represents the limiting form which C may 
take. 

The author shows that it is possible to determine (1) the 
density of a simple distribution of matter along L, (2) the 
moment of a double distribution along L, and (3) the masses 
of particles situated at the extraordinary foci so that the po- 
tential shall be the same as the potential of the plate on an 
exterior point. 

This result is a generalization of Neumann’s statement. 
Some particularly simple theorems are deduced for certain 
curves consisting of two ovals. If one oval is allowed to 
shrink to a point or the two ovals allowed to coalesce into a 
loop one obtains the general inversion curve of the ellipse or 
hyperbola and every theorem goes directly into those dis- 
covered by Neumann. 

The general treatment of the newtonian potential for al- 
gebraic surfaces is promised by the author in a later disserta- 
tion. In the present paper the work is confined to solids 
bounded by surfaces of revolution of the form 


@+ y+ + 4C(2? + y*) — + 4D = 0, 
(D — B*)(D — C*) > 0. 


These surfaces fall into six different types, and, as limiting 
cases, they include: for D = 0 the surface obtained by in- 
version of a surface of the second order, which is the proposed 
prize problem; for D = B? the torus considered by Bruns. 
For homogeneous solids bounded by these surfaces of 
revolution the following conclusion is given: the potential 
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can be represented as the potential due to a mass arranged as 
(1) a simple distribution along a segment of the Z-axis, (2) a 
simple distribution over a circular plate in the XY-plane 
(2? + y* < a’), and (3) one or more mass-points at the ends of 
me segments or a radial double distribution on the circular 
plate. 

The density of the mass distribution in the X Y-plane and 
on the Z-axis is explicitly determined for the various feasible 
cases. 

W. R. 


Das Schachspiel, und seine strategischen Prinzipien. Von M. 
Lance. Zweite Auflage. No. 281, Aus Natur und Geistes- 
welt. Leipzig, Teubner, 1914. 108 pp. Mark 1.25. 
With portraits of E. Lasker and Paul Morphy. 


Tuts little volume, with the portrait of a mathematician as 
frontispiece, is included in the announcement of the series in 
which it appears among the mathematical works. While 
the strictly mathematical treatment is, of necessity, slight 
yet the attempt is seriously made to present an introduction 
to chess based upon somewhat fundamental, and partly 
mathematical, principles. The work marks a distinct advance, 
in a pedagogical way, in the literature of chess. 


Louis C. KARPINSKI. 


A Course in Descriptive Geometry and Photogrammetry for the 
Mathematical Laboratory. By E. Linpsay Ince. Edin- 
burgh Mathematical Tracts, No. 1. London, E. Bell and 
Sons, 1915. viiit++79 pages, 42 figures. 

Tuis little book makes no claim of being a treatise, but 
endeavors to present the important features of descriptive 
geometry in such a manner that one may be instructed rapidly 
in the general processes employed. A short introduction 
sketches the whole problem as treated by the methods of 
orthogonal double projection, perspective and plane pro- 
jection. Only about twenty pages are devoted to the treat- 
ment of lines and planes, yet in this short space many of the 
standard problems are well discussed. In the chapter on the 
applications to curves and surfaces no general statements are 
found, no attempts being made to have the processes apply to 
other surfaces than cones, cylinders, and spheres. The mathe- 
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matical terms employed are used correctly, and empirical 
processes are designated as such. The chapter on perspective 
begins with the definite problem of drawing the picture of a 
cube in given position. This is followed by a very brief outline 
of the general theory, each step being developed directly from 
the preceding illustration. The entire process is then com- 
pared with the treatment of the same problem by the method 
of double orthogonal projection. The last few pages of this 
chapter proceed along lines similar to those in the opening 
chapters of Cremona’s Projective Geometry, but are much 
more condensed. The last chapter in the book contains a 
short introduction to photogrammetry. The use of the art 
in military operations is attested, suggesting that the author’s 
notes had been very recently revised. The fundamental 
problem is explained in detail, and a few refinements mentioned. 
Perhaps this is sufficient to comply with the avowed purpose 
of the Edinburgh Tracts, but to the reviewer it seems much 
too brief to be of greatest service. The page is attractively 
made up, the type very clear and not offensively prominent, 
and the figures well drawn. The book certainly succeeds in 
teaching the essential features of descriptive geometry in a 
remarkably small compass. 
Vircit SNYDER. 


NOTES. 


TuE thirty-seventh regular meeting of the Chicago Section, 
being the sixth regular meeting of the Society at Chicago, 
will be held at the University of Chicago on Friday and Satur- 
day, April 21-22. The twenty-eighth regular meeting of the 
San Francisco Section will be held at the University of Cali- 
fornia on Saturday, April 22. A regular meeting of the Society 
will be held at Columbia University on Saturday, April 29. 


Tue April number (volume 38, number 2) of the American 
Journal of Mathematics contains: “On the classification and 
invariantive characterization of nilpotent algebras,” by OLIVE 
C. Haziett; “ Determination of the order of the groups of 
isomorphisms of the groups of order p*, where p is a prime,” 
by R. W. Marriott; “Correspondences determined by the 
bitangents of a quartic,” by J. R. Conner; “Infinite groups 
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generated by conformal transformations of period two (invo- 
lutions and symmetries),” by Epwarp Kasner; “On the 
solutions of linear homogeneous difference equations,” by 
R. D. CARMICHAEL. 


At the meeting of the London mathematical society held 
February 11 the following papers were read: By J. H. Grace: 
“Theorems on straight lines intersecting at right angles,” 
and “The classification of rational approximations”; by Mrs. 
G. C. Youne: “Infinite derivatives”; by E. H. NEvmt1e: 
“The bilinear curvature and other functions of independent 
directions on a surface”; by D. Bropetsky: “The attraction 
of equiangular spirals.” 

The following papers were read at the meeting of March 9: 
By P. A. Macmanon: “Some applications of general theorems 
of combinatory analysis;’ by H. F. Baker: “Mr. Grace’s 
theorem on six lines with a common transversal ;” by H. E. J. 
Curzon: “The integrals of a certain Riccati equation con- 
nected with Halphen’s transformation;” by Hitpa P. Hupson: 
“A certain plane sextic;’ by W. P. Mine: “ The construc- 
tion of co-apolar triads on a cubic curve;” by J. BoNDMAN: 
“The dynamical equations of the tides.” 


At the meeting of the Edinburgh mathematical seciety on 
February 11 the following papers were read: By E. L. Rice: 
“On the continued fractions associated with the hypergeo- 
metric equation”; by A. Mitne: “Note on the Peano-Baker 
method of solving linear differential equations”; by D. Grss: 
“On integral relations connected with the confluent hyper- 
geometric function”; by E. M. Horssureu: “A simple form 
of integrometer.” 


Tue Paris academy of sciences has announced the following 
prize problems in mathematics for the year 1917: The Fran- 
coeur prize (1000 fr.) for the most meritorious memoir in pure 
or applied mathematics; the Bordin prize (3000 fr.) for an 
improvement in some important point of the arithmetic theory 
of non-quadratic forms; the Poncelet prize (2000 fr.) for the 
French or foreign author of the most meritorious book or 
memoir on applied mathematics during the last ten years; 
the Vaillant prize (4000 fr.) for the determination and descrip- 
tion of all surfaces which can in two ways be formed by the 
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displacement of an invariable curve; the Saintour prize 
(3000 fr.) for general mathematics; the Petit d’Ormay prize 
(10000 fr.) for the best contribution to pure or applied mathe- 
matics. 


TuE department of roads and canals of the technical school 
at Delft announces the following prize problem for the present 
year: 

“An investigation is desired such that inaccuracies that 
appear in the calculation of the distribution of forces in a 
statically undetermined system may be lessened by the choice 
of an appropriate system of variables. Errors in the drawings 
and those arising by discarding too many places of decimals 
in numerical approximations should both be considered. 
Finally, a measure of the degree of accuracy secured should be 
devised.” As literature, see in particular the prize memoir of 
J. Pirlet “Febleruntersuchungen bei der Berechnung mehrfach 
statisch-unbestimmter Systeme,” Aachen 1909 and various 
articles by the same author in Der Eisenbau, 1910-1915. 

Competing memoirs should be sent, under the usual con- 
ditions, to Professor J. Nelemans, Delft, Holland, not later 
than October 31, 1916. The prize, a gold medal, will be 
awarded January 8, 1917. 


The following university courses in mathematics are 
announced: 

CotumpB1a UNIVERSITY (summer session, July 10—August 
18).—By Professor M. W. HaskeE.u: Differential equations, 
five hours; Modern analytic geometry, five hours.—By Pro- 
fessor JaMES Mactay: Theory of geometric constructions, 
five hours.—By Professor Epwarp Kasner: Theory of func- 
tions of a real variable, five hours.—By Professor W. B. Frre: 
Higher algebra, five hours. 


CorNELL UNIVERSITY (summer session, July 6—August 16). 
—By Professor Vireit SnypER: Geometric constructions for 
high-school teachers, five hours; Seminar in algebraic geom- 
etry.—By Professor W. A. Hurwitz: Mathematical analysis, 
five hours; Supplementary problems in algebra for high- 
school teachers, five hours; Seminar in integral equations.— 
By Professor F. W. Owens: Projective geometry, five hours; 
Seminar in foundations of geometry. 
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University oF (summer session).—By Professor 
E. J. Townsenp: Advanced calculus (functions of two real 
variables), five hours—By Dr. A. R. CraTHorne: Calculus 
of variations, five hours. 


Untversiry oF Wisconsin. The following courses in 
mathematics are announced for the summer session, June 26 
to August 4: By Professor E. B. Sxrnner: Differential ge- 
ometry. Linear substitutions—By Professor H. W. Marcu: 
Theoretical mechanics. Infinite series and products.—By 
Professor H. C. Wourr: Probabilities and statistics.—By 
Professor W. W. Harr: The teaching of mathematics. 
Courses in analytic geometry and the calculus are also 
offered. 


CoLLEGE DE France.—By Professor G. HumBert: Theory 
of quadratic forms in its relation to the theory of groups.—By 
Professor J. HapaMARD: Analytic theory of prime numbers. 

Professor C. J. DE LA VALLEE Poussin has been invited to 
give a series of conferences at the Collége. 


UNIVERSITY OF STRASSBURG (summer semester).—By Pro- 
fessor F. Scuur: Differential and integral calculus, II, three 
hours; Theory of quadric surfaces, two hours; Seminar, two 
hours.—By Professor J. WELLSTEIN: Linear differential equa- 
tions, three hours; Axonometry and perspective, two hours.— 
By Professor M. Smmon: Non-euclidean geometry.—By Pro- 
fessor P. Epstern: Foundations of analysis, two hours.—By 
Dr. O. SpeiseR: Mechanics, two hours. 


Tue Gamble prize of Girton College, Cambridge, has been 
awarded to Mrs. W. H. Young for her contributions to mathe- 
matics. 


At Smith College, Professor Harriet R. Cops has been 
promoted to a full professorship of mathematics and Miss 
PauLinE Sperry has been appointed assistant professor of 
mathematics. 


Dr. Ottve C. Haztetr, of Radcliffe College, has been ap- 
pointed associate in mathematics at Bryn Mawr College. 


Dr. E. J. Mies, of the Sheffield Scientific School of Yale 
University, has been promoted to an assistant professorship 
of mathematics. 
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Dr. R. W. Burcess, of Cornell University, has been ap- 
pointed instructor in mathematics in Brown University. 


Dr. G. A. Prerrrer, of Harvard University, has been ap- 
pointed instructor in mathematics in Princeton University. 


Dr. Epwarp Krircuer and Mr. W. L. Harr have been 
appointed to the Benjamin Peirce instructorships at Harvard 
University for the year 1916-1917. 


Mr. H. B. Nrxon, instructor in mathematics in Gettysburg 
College, died March 30. 


NEW PUBLICATIONS. 
I. HIGHER MATHEMATICS. 


Aurens (W.). Mathematiker-Anekdoten. Leipzig, Teubner, 1916. 8vo. 
4+56 pp. Karton. M. 0.80 


Barer (W.). Zur Polartheorie des Flachenbiindels 2. Ordnung mit 
besonderer Beriicksichtigung des Flachenbiindels der Raumkurve 3. 
Ordnung. Rostock, 1914. 8vo. 71 pp. 


Beutner (W.). Ueber die primitiven Gruppen in sechs Veranderlichen. 
Giessen, 1914. 8vo. 30 pp. M. 0.60 


am (A.). Geometrische Darstellung der elliptischen Integrale 1. und 
2. Art. Bern, 1914. 8vo. 73 pp. 


Bour (H.) og Motierup (J.). Laerbog i matematisk Analyse. Forelobig 


udarbejdelse til Brug ved Forelaesninger paa Polyteknisk 
stalt. Afsnit1. Kjébenhavn,1915. S8vo. pp. (Autographed) 


Branpt (H.). Zur Komposition der quaternéren quadratischen 
Strassburg, 1913. 4to. 26 pp. M. 2.00 


Bireer (W.). Die Rekonstruktion der Urform aus einer voruate 
benen Kovariante. Strassburg, 1913. 8vo. 69 pp. M. 2.50 


Burxuarpt (H.). See ENcYKLOPADIE. 

CasTELNuOovo (G.). See ENCYKLOPADIE. 

Crantz (P.). Analytische Geometrie der Ebene zum Selbstunterricht. 
Leipzig, Teubner, 1915. 8vo. 5+93 pp. M. 1.00 


Exner (P.). Ueber eine reziproke Zuordnung von Kurven im Raume. 
Wiirzburg, 1914. 8vo. 42 pp. 


Ecxert (H.). Ueber zwei den Eulerschen Funktionen T'(p) und B(p, g) 
ahnliche Doppelintegrale. Leipzig, 1914. 8vo. 80 pp. M. 2.00 


ENcYKLOPADIE der mathematischen Wissenschaften. Band II 1, Heft 
7-8: H. Burkhardt, Trigonometrische Reihen und Integrale bis etwa 
Leipzig, Teubner, 1914-1915. Gr.8vo. Pp. 
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——. Band III 2, Heft 8: G. Castelnuovo und F. Enriques, Grundeigen- 

schaften d er algebraischen Flachen vom Gesichtspunkte der biration- 
alen Transformationen aus. Leipzig, Teubner, 1915. Gr. 8vo Pp. 

635-768. M. 4.20 

Enniques (F.). See ENcYKLOPADIE. 

Fionn (E.). Untersuchung der Kurve, die den Polaren umhillt wird 
welche hinsichtlich einer Ellipse zu den Tangenten einer Parebel 
konjugiert sind. Minster, 1914. 8vo. 46 pp. 


Gripnner (G.). Systeme von Geraden, welche bei der Fortbewegung des 
die Raumkurven begleitenden Dreikantes besondere Regelflichen 
erzeugen. Wiirzburg, 1913. 8vo. 40 pp. 


—— (H.). Zur Theorie des Kegelschnittnetzes. Giessen, 1913. 8vo. 


Huu (G. oa ). The development of Arabic numerals in Europe, exhibited 
in sixty-four tables. Oxford, Clarendon Press, 1915. 4to. + Pp. 


HouzBercer (H.). Ueber das Verhalten von Potenzreihen mit zwei und 
Veranderlichen an der Konvergenzreihe. Miinchen, 1914. 8vo. 
pp. 
Jaxs (E.). Beitriige zur Theorie des Kugelkreises. K6nigsberg, 
8vo. 98 pp. M. 2 
Kuerscuropt (K.). Ueber Kegelschnitts- und Kreisgeometrie. 
1913. 8vo. 87 pp. 2.00 


Lanois (E. H.). See Ricnarpson (R. P.). 


Lereniz (G. W.). 9 Briefe an F. A. Hackmann. Herausgegeben von P. 
Ritter. Berlin (Sitzb. Akad.), 1915. Gr. 8vo. 17 pp. M. 1.00 


Lutz (E.). Untersuchungen iiber das 10-fach Brianchonsche Sechseck 
und das Pascalsche Sechseck im 10-fach Brianchonschen Sechseck. 
Miinchen, 1913. 4to. 48 pp. 


Martsews (G. B.). Algebraic equations. 2d edition. 
University Press, 1915. 64 pp. 2s. 6d. 


Mititer (G. A.). Historical introduction to mathematical literature. 
New York, Macmillan, 1916. 8vo. 14+302 pp. Cloth. $1.60 


Mo.tervp (J.). See Bour (H.). 

Moscaxowrrscu (S.). Ueber Raumkurven, bei denen eine mit dem beglei- 
tenden Dreikant fest verbundene Gerade eine abwickelbare Flache 
erzeugt. Jena, 1913. 8vo. 71 pp. 

Ness (F.). Rationale Dreiecke, Vierecke und Tetraeder. Leipzig, 1914. 
8vo. 38 pp. 

Perri (M.). Systeme von Flichen zweiten Grades, die zu zwei gegebenen 
Flachen zweiten Grades in einer besonderen Beziehung stehen. Leip- 
zig, 1914. 8vo. 55 pp. M. 1.20 

Ricuarpson (R. P.) and Lanpis (E. H.). Fundamental conceptions of 


modern mathematics. . Variables and quantities with a discussion of 
the general conception of functional relation. Chicago, Open a 
1916. 


Ricuett1 (M.). Ueber diskontinuirliche und orthogonale Funktionen- 
systeme. Ziirich, 1914. 8vo. 33 pp. 
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Ritter (P.). See Lereniz (G. W.). 


S.J. Drei Gleichungen als Grundlage fiir einen Beweis des sogen. grossen 
Satzes von Fermat (Wolfskehlsche Preisaufgabe), allgemeinverstand- 
lich vorgefiihrt. Darmstadt, 1915. Gr. 8vo. 16 pp. M. 1.20 


ScHOLLMEYER (G.). Ueber unendlich kleine Transformationen der Kurven 
konstanter Torsion und der Flichen konstanter Krimmung. Giessen, 
1914. 82 pp. M. 2.00 


Srem (J.). Beitrige zur Matrizenrechnung mit Anwendungen auf die 
Relativitatstheorie. Tiibingen, 1914. 8vo. 70 pp. 

Térex (R.). Zur Bestimmung der jektiven Transformatio: ppen 
des R;, die keine ebene Mannigfaltigheit invariant lassen Tibingen, 
1914. 8vo. 59 pp. M. 1.50 


Wututams (C. L.). The fourth-dimensional reaches of the Exposition. 
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